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ABSTRACT
This thesis piles up the results of five works in the field of cosmological inflation, inflationary
cosmological perturbations, cosmic microwave background (CMB) and weak gravitational lensing
of cosmic microwave background.
A simple single field phenomenological model of inflation – the mutated hilltop inflation, has
been presented. The presence of infinite number of terms in the Taylor series expansion of the
inflaton potential makes the mutated hilltop inflation attractive and accurate at the same time.
A brand new way to modify the consistency relation, by taking into account the direct effect of
scalar field evolution in estimating observable parameters at the time of horizon exit, has been
discussed.
Also, the inflationary cosmological perturbations of quantum mechanical origin have been
studied from a different perspective. The complete wave-functions for the inflationary cos-
mological perturbations (both scalar and tensor) have been derived by solving the associated
Schro¨dinger equations. The wave-functions have then been used to derive a cosmological ana-
logue of the Berry phase which may serve as a complementary probe of inflationary cosmology.
With a phenomenological Hubble parameter the quasi-exponential models of inflation have
been discussed, using Hamilton-Jacobi formulation. After constraining the model parameter
from the theoretical as well as observational ground, we confront quasi-exponential inflation
withWMAP–7 data using publicly available code CAMB (Code for Anisotropies in the Microwave
Background). The observable parameters are found to fair extremely well with WMAP–7 data.
The analysis also predicts a ratio of the tensor to scalar amplitudes that may even be detected
in near future.
Finally, weak gravitational lensing in the context of CMB has been discussed. A simple
method to extract the unlensed, intrinsic CMB temperature and polarization power spectra from
the observed (i.e., lensed) data has been proposed. Using a matrix inversion technique, we
demonstrate how one can reconstruct the intrinsic CMB spectra directly from the lensed data.
The delensed spectra obtained by the technique are calibrated against CAMB using WMAP–7
best-fit data and applied to WMAP–9 unbinned data as well. In principle, our methodology may
help to subtract the E-mode lensing contribution in order to obtain the intrinsic B-mode power.
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CHAPTER
1
Basics of Cosmological Inflation
1.1 INTRODUCTION
Over the decades Big-Bang theory has come across many successes by explaining the nucleosyn-
thesis, expanding universe, formation of cosmic microwave background radiation, but it has some
flaws related to the initial conditions which can not be explicated within its limit. One of the
basic ideas of modern cosmology is that, there was a brief early epoch in the history of our
Universe when the Universe expanded almost exponentially – the so-called Cosmic Inflation [1].
During that time our Universe grew very rapidly making it almost homogeneous and spatially
flat. A sufficiently long epoch of primordial inflation leads to a homogeneous and isotropic Uni-
verse that is old and flat. In that era a small smooth spatial region of size less than the Hubble
radius can grow large enough to encompass the present volume of the observable Universe.
Although, the inflationary scenario, so far the best resolution for the early Universe, is in vogue
for quite some time, but still it is more like a paradigm than a theory as a specific compelling
model is yet to be separated out from the spectrum of possible models and alternatives.
The most striking feature of the inflationary scenario is that they supply quantum seeds for
the origin of cosmological fluctuations observed in the large scale structure of matter and in
Cosmic Microwave Background (CMB). The observed anisotropies in CMB [2, 3, 4, 5] are in tune
with the inflationary prediction for the primordial perturbations. The finespun observational
data [4, 5, 6, 7] are now enforcing the models of inflation to face the challenge of passing
through the crucial tests of observations thereby making inflationary model building a sticky
task. Apart from that, these precise observational data are now leading us towards the funda-
mental physics of the early Universe. Attempts in this direction include standard particle physics
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motivated models [8, 9] and allied phenomenological models [10, 11, 12, 13], string theory in-
spired models [14, 15, 16, 17], inflation from super-symmetry [18, 19], warm inflation [20, 21],
multi-field inflation [22] and brane-world models [23, 24, 25, 26, 27, 28, 29] among others.
Armed with plenty of successes, despite many efforts, inflation has not been superseded by its
various challengers [30, 31, 32, 32, 33, 34, 35, 36, 37, 38, 39, 40, 41], and this scenario has
gradually become an integral part of modern cosmology.
In this chapter, I shall briefly review the standard Big-Bang scenario and the paradigm of sin-
gle field slow-roll [10, 12, 42] inflation together with its impact on CMB temperature anisotropy
by analyzing the evolution of cosmological perturbations originated during inflation. The main
motivation behind concentrating on the single field slow-roll inflation is that, they are the sim-
plest to understand and at the same time consistent with recent observational data coming from
the latest observational probes like Planck [4], Wilkinson Microwave Anisotropy Probe (WMAP)
[5] etc., which are now very well complemented by the data from ground based telescopes –
Atacama Cosmology Telescope (ACT) [43, 44] and South Pole Telescope (SPT) [45, 46].
1.2 COSMOLOGICAL INFLATION
The paradigm of cosmic inflation does not replace the Big-Bang theory, but they are complement
to each other and when taken together it is the best theory compatible with the observations.
1.2.1 THE HOT BIG-BANG COSMOLOGY
The most powerful as well as the most utile assumption about our Universe, so far confirmed by
various observations [2, 3, 4, 5], is that on the large scales it is homogeneous and isotropic, i.e.,
invariant under space-time translation and rotation, which resembles the cosmological principle.
Modern cosmology is soundly based on Einstein’s theory of General Relativity (GR), accord-
ing to which our Universe is described by a four-dimensional geometry satisfying the following
Einstein equations –
Gµν ≡ Rµν − 12Rgµν = 8πGTµν . (1.1)
Einstein was the first to apply GR in cosmology, but after getting non-stationary solution he
wrongly interpreted it as a shortcoming of the theory. It was only after Edwin Hubble, who
established that Universe is not static but expanding, GR truly sets its foot into cosmology.
A. FRW Metric and Cosmological Dynamics
The observed homogeneity and isotropy of our Universe is perfectly described by the Friedmann-
Robertson-Walker (FRW) metric which in the appropriate co-ordinate system has the following
form
ds2 = −dt2 + a2(t)
�
dr2
1− κr2 + r
2
�
dθ2 + sin2θ dφ2
��
(1.2)
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where a(t) is the scale factor which measures the expansion of our Universe and depending on
the curvature of spatial hyper-surfaces, κ = 0, ±1. The coordinates r, θ and φ are referred to as
co-moving coordinates.
The matter content compatible with the homogeneity and isotropy of the space-time is ex-
pressed by the energy momentum tensor, which in the same co-moving coordinate reads
T µν = Diag [−ρ(t), P (t), P (t), P (t)] (1.3)
where ρ and P are energy and pressure densities respectively. The Einstein Eqn.(1.1), when
combined with Eqns.(1.2) and (1.3), brings forth following Friedmann equations1
H2 ≡
�
a˙
a
�2
= 1
3M2P
ρ− κ
a2
(1.4)
a¨
a
= − 1
6M2P
(ρ+ 3P ) (1.5)
where MP ≡ 1√8πG , is the reduced Planck mass and H is the Hubble parameter. The conservation
of the energy momentum tensor, T µν;µ = 0, where ‘;’ denotes covariant derivative, leads to the
following continuity equation
ρ˙+ 3H (ρ+ P ) = 0. (1.6)
The set of Eqns.(1.4), (1.5) and (1.6) are not independent, as a result the system is closed and
unique solution exists whenever initial conditions are specified. The Eqn.(1.5) also points out
that for accelerated expansion, a¨ > 0, we require the pressure to be negative as energy is always
positive. In other words, negative pressure is the root of cosmological acceleration.
To proceed further we now define at any given time, a critical energy density ρ
C
and various
density parameters as follows –
ρ
C
= 3H2/8πG, Ωκ ≡ −κ/a2H2, ΩB ≡ ρB/ρC , ΩDM ≡ ρDM/ρC , ΩDE ≡ ρDE/ρC , ΩTotal ≡ ρ/ρC (1.7)
where Ωκ, ΩB, ΩDM , ΩDE, ΩTotal are the density parameters associated with the curvature,
baryonic matter, dark matter, dark energy and total energy density of the Universe respectively,
and ρ
B
, ρ
DM
, ρ
DE
are the energy densities for the baryonic matter, dark matter and dark energy
respectively. The current measurements of the Hubble parameter, H0 = 69.32 ± 0.80 km/s/Mpc
[47] (recent data from Planck favors H0 = 67.3 ± 1.2 km/s/Mpc [4, 48]), together with κ
when taken with Eqn.(1.4) provides the present estimate for the total energy density of the
Universe. The relative contributions of different forms of energies are found from various cos-
mological observations. The total energy density at present is very close to the critical one, i.e.,
ΩTotal ≈ 1.0027+0.0039−0.0038 and Ωκ(t = t0) ≡ −κ/a20H20 = −0.0027+0.0039−0.0038 [5, 47], which has been
1Here an over-dot, “.”, represents derivative with respect to cosmic time t and unless otherwise stated an
over-prime, “ � ”, denotes derivative with respect to the argument of the function.
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calculated from the first peak position of the CMB angular power spectrum [4, 5]. The bary-
onic matter content of the present Universe is given by ΩB = 0.04628 ± 0.00093 [47] which
has been estimated from the heights of the CMB acoustic peaks. The existence of dark mat-
ter was predicted by analyzing the galactic rotation curves and recent observational data favors
ΩDM = 0.2402
+0.0088
−0.0087 [47]. The bound set on the total matter content (both baryonic and dark
matter) of our Universe by the satellite mission Planck is ΩMat ≡ ΩM + ΩDM = 0.315 ± 0.017
[4, 48]. The rest is attributed to a mysterious substance, Dark Energy, which is the cause
of present day acceleration. From the high redshift supernovae, large scale structure, CMB
power spectra and the age of the Universe, t0 = 13.772 ± 0.059 Gyr [47], it has been found
that ΩDE = 0.7135+0.0095−0.0096 [47]. Whereas the combined data from Planck and WMAP favors
t0 = 13.817± 0.048 Gyr and ΩDE = 0.685+0.018−0.016 [48].
The solution of the Friedmann equation is obtained by specifying the equation of state pa-
rameter, ω ≡ P/ρ. The scale factor for κ = 0 then turns out to be
a(t) ∝ t
2
3(1+ω) . (1.8)
Therefore, standard Big-Bang theory predicts decelerated expansion as a(t) ∝ tp with p < 1, for
ordinary matter (ω = 0) and radiation (ω = 1/3). But, recent observations suggest that our
Universe is accelerating at present. This gives rise to some severe problems which can not be
answered within the limit of Big-Bang theory.
B. Big-Bang Puzzles
At present the shortcomings of standard cosmology are well appreciated – the horizon or large-
scale smoothness problem; the small-scale inhomogeneity problem (origin of density perturbations);
and the flatness or oldness problem. But, they do not indicate any logical inconsistencies of the
theory, rather very special initial data seems to be required for the evolution to a Universe that
is qualitatively similar to ours today.
Before discussing those puzzles, we first rewrite Friedmann Eqn.(1.4) in the following form
ΩTotal − 1 = κ
a2H2
. (1.9)
1. Homogeneity Problem: This puzzle can be stated as, why the assumptions of homo-
geneity and isotropy stand out to be so good? Inhomogeneities grow with time due to
gravitational attraction but recent observations suggest that our Universe is almost homo-
geneous. At the time of last scattering inhomogeneities were δρ/ρ ∼ 10−5 and nowadays it
is almost ∼ 1 (in clusters of clusters). This means in the remote past the inhomogeneities
were much smaller than today. How to explain a smooth Universe in the past?
2. Flatness Problem: The latest observations suggest that our Universe is very nearly
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spatially flat. But in a decelerated universe, a flat solution is unstable as |ΩTotal − 1| in-
creases with time which is clear from Eqn.(1.9). In order to get the correct value of
|ΩTotal − 1| < 10−2 at present, the value of |ΩTotal − 1| at very early times has to be fine-
tuned to values amazingly close to zero, but without being exactly zero. This is why the
flatness problem is also dubbed as fine-tuning problem.
3. Horizon Problem: The CMB, which is a form of electromagnetic radiation filling the
Universe, has temperature T0 = 2.73 K almost same in all directions. This tells us that,
before the formation of CMB they were in thermal equilibrium. But, in standard Big-Bang
scenario there were not enough time for those regions to come into thermal equilibrium.
Because, there were almost 106 casually disconnected regions within the volume that now
corresponds to our horizon. This is the so called horizon problem.
1.2.2 INFLATION
A solution to the Big-Bang puzzles is provided by the inflationary scenario. The basic prescription
is to invert the behavior of the co-moving Hubble radius (1/aH), i.e., make it decrease sufficiently
in the very early Universe. The corresponding requirement is a¨ > 0, i.e., we need an early phase
of accelerated expansion.
Inflation is defined to be an early epoch of accelerated expansion. So inflation means a¨ > 0,
which from the second Friedmann Eqn.(1.5) can be interpreted as
a¨ > 0⇐⇒ ρ+ 3p < 0, (1.10)
i.e., violation of the strong energy condition. A very simple example of such equation of state is
the cosmological constant, which corresponds to a cosmological fluid with ω = −1. But a strict
cosmological constant will lead to an ever accelerating universe which spoils the successes of
Big-Bang theory and it does not provide any explanation for the origin of observed structures
in our Universe either. Another possibility, which we are interested in here is the scalar field,
known as inflaton in the context of inflation.
A. Solution to Big-Bang Puzzles
Inflation is not the first attempt to address these shortcomings, over the past three decades
cosmologists have pondered this question and proposed alternative solutions. Inflation is a
solution based upon well-defined, albeit speculative, early Universe micro-physics describing
the post-Planckian epoch.
Since the co-moving Hubble radius (aH)−1 decreases almost exponentially during inflation,
the term κ/a2H2 is driven towards zero very rapidly. As a result, at the end of inflation |ΩTotal− 1|
is pushed very close to zero. Though during radiation and matter domination the co-moving
Hubble radius grows but |ΩTotal − 1| is still very small.
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Before the inflation, size of the Universe was very small and within that small patch ther-
mal equilibrium was established. Inflation then magnifies that homogeneous patch larger than
present size of the observable Universe. So different portions of the last scattering surface which
seem to have no causal contact were actually in equilibrium before the inflation. This is why we
see CMB so homogeneous and isotropic.
B. Inflationary Dynamics
The dynamics of a homogeneous scalar field with potential energy V (φ), minimally coupled to
gravity, is governed by the action
Sφ = −
�
d4x
√−g
�
1
2
∂µφ∂
µφ+ V (φ)
�
. (1.11)
Corresponding energy momentum tensor is given by
Tµν = ∂µφ∂νφ− gµν
�
1
2
∂αφ∂αφ+ V (φ)
�
. (1.12)
The energy and pressure densities of a homogeneous scalar field with potential V (φ) are
ρ = 1
2
φ˙2 + V (φ), P = 1
2
φ˙2 − V (φ). (1.13)
The Friedmann Eqns.(1.4) and (1.5) for the scalar field are now given by
H2 = 1
3M2P
�
1
2
φ˙2 + V (φ)
�
(1.14)
a¨
a
= − 1
3M2P
�
φ˙2 − V (φ)
�
(1.15)
and the corresponding energy conservation turns out to be
φ¨+ 3Hφ˙+ V �(φ) = 0 (1.16)
which is nothing but the Klein-Gordon equation for a scalar field.
The system of equations (1.14), (1.15) and (1.16) does not always possess accelerated ex-
pansion, but does so in the slow-roll regime [10, 12, 42], where potential energy of the inflaton
dominates over its kinetic energy.
C. Slow-Roll Approximation
To get the insight of inflationary scenario we need to solve Eqns.(1.14), (1.15) and (1.16), which
is very difficult with their full generalities. But, the mathematical expressions are necessary
to compare inflationary predictions with the observational data. The slow-roll approximation
provides an elegant way to overcome that difficulty by reducing the complexity to a great extent.
In the slow-roll approximation, the kinetic energy term, φ˙2/2, in Eqns.(1.14), (1.15) and the
acceleration term, φ¨, in Eqn.(1.16) are ignored, which lead to the modified Friedmann equations
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governing the dynamics of a scalar field
H2 ≈ 1
3M2P
V (φ) (1.17)
3Hφ˙+ V �(φ) ≈ 0. (1.18)
The conditions for neglecting the kinetic energy and acceleration terms can be equivalently
written by the smallness of two slow-roll parameters, �
V
� 1 and |η
V
| � 1 where [49]
�
V
≡ M2P
2
�
V �(φ)
V (φ)
�2
, η
V
≡ M2P
�
V ��(φ)
V (φ)
�
. (1.19)
The slow-roll approximation is applicable only when �
V
� 1, |η
V
| � 1 are satisfied, i.e., where
the slope and the curvature of the inflaton potential are very small. These two parameters
�
V
, η
V
are generally called potential slow-roll parameters. Inflation ends when the slow-roll
approximation is violated and the corresponding value of the inflaton is computed from the
following equation
max
φ
{�
V
, |η
V
|} = 1. (1.20)
If instead, the Hubble parameter is considered as the fundamental quantity then we can
define another set of parameters, Hubble slow-roll parameters, as follows [42]
�
H
≡ 2 M2P
�
H �(φ)
H(φ)
�2
, η
H
≡ 2 M2P
�
H ��(φ)
H(φ)
�
. (1.21)
These two Hubble slow-roll parameters are extremely useful and inflation is very naturally de-
scribed by them [42, 50, 51], making them superior choice over the potential slow-roll parame-
ters. The condition for inflation is then precisely given by
a¨ > 0⇐⇒ �
H
< 1. (1.22)
The parameters �
H
and η
H
are not the usual slow-roll parameters. But in the slow-roll limit
�
H
→ �
V
and η
H
→ η
V
− �
V
[42]. The exact end point of inflation is provided by the Hubble
slow-roll parameter, �
H
= 1, whereas in the case of potential slow-roll approximation, the end of
inflation given by Eqn.(1.20) is only a first order result [42]. In Chapter 4, using Hubble slow-roll
approximation with a phenomenological Hubble parameter, we have modeled quasi-exponential
inflation and confronted with WMAP–7 data [5].
D. Amount of Inflation
In order to resolve Big-Bang puzzles, we need sufficient amount of accelerated expansion. The
amount of inflaton is generally expressed as the logarithmic difference between the final and
initial values of the scale factor which is called number of e-foldings. So the number of e-foldings,
N , is found to be
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N ≡ ln aE
a
I
=
� a
E
a
I
da
a
= − 1MP
� φ
E
φ
I
dφ√
2�
H
≈ − 1MP
� φ
E
φ
I
dφ√
2�
V
, (1.23)
where a
I
& a
E
and φ
I
& φ
E
are the values of the scale factor and inflaton field at the start & at
the end of inflation respectively.
To solve the cosmological puzzles we need about 70 e-foldings, so that the scale factor should
have at least increased by a factor of e70 during inflation. The co-moving scale corresponding to
the present estimated value of the Hubble radius, crossed the horizon when nearly 60 e-foldings
are still left before the end of inflation and all the other relevant scales following within the next
few e-foldings.
1.2.3 SPECTRUM OF INFLATIONARY MODELS
More than three decades have slipped away since Guth’s original paper [1] attracted consider-
able attention to cosmological community. Thirty years later inflation is still alive in a much
stronger position than ever based on highly precise observational data available of late. But still
there is no unique model of inflation. The fundamental microscopic origin of the inflaton is a
mystery too. Inflation is believed to occur at a very high energy scale ∼ 105 GeV – Planck scale,
depending on the field strength. The form of the inflaton potential is still unknown. As a result,
there are plenty of inflationary models available in the literature.
The models of inflation can be broadly classified into two categories – small field models,
where the variation of the inflaton, i.e., the difference between initial and final values of the
inflaton, Δφ, is less than the Planck mass, i.e., Δφ < MP and large field models, where the
variation of the inflaton is of the order of the Planck mass. The generic form of single field
inflaton potentials is given by
V (φ) = V0f
�
φ
µ
�
(1.24)
where V0 is the height corresponding to the vacuum energy during inflation and µ is the width
which corresponds to the change in inflaton value, Δφ, during inflation. Different models have
different form for the function f .
A. Large Field Models
In large-field models, also known as chaotic inflation [52], the inflaton field starts at a large field
value and then evolves to a minimum at the origin φ = 0. This type of models are characterized
by V ��(φ) > 0. Large field models are mostly governed by the simplest type of potentials. A
general set of large field polynomial potentials can be written as [53, 54],
V (φ) = V0
�
φ
µ
�p
(1.25)
where a particular model is chosen by specifying the parameter p. In general p is a positive
integer but models with fractional values of p are also available [14, 55]. There is another set
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FIG. 1.1: In these models the inflaton field evolves over a super-Planckian range during inflation,
Δφ >MP . The φCMB represents value of the inflaton when the CMB fluctuations are created.
Figure reproduced from [62].
of large field potentials having the following form [56, 57, 58, 59, 60, 61],
V (φ) = V0 exp
�
φ
µ
�p
. (1.26)
Fig.1.1 shows variation of the inflaton potential with the inflaton for large field model.
B. Small Field Models
In the small field models [10, 12, 63, 64, 65, 66, 67, 68, 69, 70] the inflaton moves over a
small distance, Δφ < MP . The potentials that give rise to such small field evolution often arise
in mechanism of spontaneous symmetry breaking. Small field models are characterized by the
negative curvature of the potential, i.e., V ��(φ) < 0. A simple example is
V (φ) = V0
�
1−
�
φ
µ
�p�
, (1.27)
which can be visualized as a lowest order Taylor series expansion of a potential about the origin.
The Fig.1.2 shows typical behavior of the small field inflationary potential.
Let us now turn our attention to a very compelling class of inflationary models that has made
great impact on inflationary model building of late – the hilltop inflation.
C. Hilltop Inflation
Hilltop inflation [71] falls into wide class of small field models, which is characterized by the
negative curvature of their potentials. For sufficient inflation, the inflaton potential should be
flat enough and this condition is satisfied if the potential obeys the slow-roll condition. As
inflation occurs while the inflaton field rolls down from the maximum of the potential, the
flatness condition is vacuously true for hilltop inflation.
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reheating
FIG. 1.2: In these models the inflaton field evolves over a sub-Planckian range during inflation,Δφ <MP .
This figure has been reproduced from [62].
The potential describing hilltop inflation can be written as [71]
V (φ) = V0 − 12m2φ2 + Higher Order Terms = V0
�
1− 1
2M2P
|η0 |φ2 + ...
�
(1.28)
where V ≈ V0 and η0 is the value of the slow-roll parameter ηV , at the maximum. Assuming
mass term dominates over the higher order terms, the slow-roll parameters turn out to be
�
V
= 1
2M2P
|η0 |2φ2
�
1− 1
2M2P
|η0 |φ2
�−2
, η
V
= − M2P |η0 |
�
1− 1
2M2P
|η0 |φ2
�−2
. (1.29)
Here the expression for the number of e-foldings is given by
N −N
E
= ln (φ/φ
E
)− 1
4M2P
�
φ2 − φ2
E
�
. (1.30)
Most of the observable parameters as calculated from hilltop inflation are in very good agree-
ment with the latest data [4, 5].
Nowadays, hilltop inflation has turned out to be a very prospective model to explain early
universe phenomenon in the sense that in these models a flat potential can easily be converted
to one with a maximum with the addition of one or two terms from a power series expansion.
Consequently, many existing inflationary models can be converted to hilltop by suitably tuning
the model parameters. In Chapter 2 we have discussed a variant of hilltop inflation – themutated
hilltop inflation [72, 73].
D. Multi-field, Hybrid and Modified Gravity Models
So far, from the observational point of view the simplest models of inflation, i.e., models involv-
ing single scalar field, are in excellent harmony with the latest available data. But, there are
inflationary models [74, 75, 76, 77, 78] involving several scalar fields and naturally they are
more complicated. The general action describing the evolution of N scalar fields φA (A=1, 2,...,
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N) can be written as,
A = −
�
d4x
√−g
�
M2P
2
R + 1
2
GAB(φ)∂
µφA∂µφ
B + V (φ)
�
(1.31)
where V is the scalar potential and GAB is symmetric positive definite matrix. The expressions
for the energy and pressure in this case turn out to be
ρ = 1
2
GABφ˙
Aφ˙B + V (φ), P = 1
2
GABφ˙
Aφ˙B − V (φ). (1.32)
For sufficient inflation we need 1
2
GABφ˙
Aφ˙B � V (φ), which leads to the slow-roll equations,
3Hφ˙A = −GAB ∂V
∂φB
. These slow-roll conditions remain good approximations for an appreciable
time provided the multi-scalar generalizations of the slow-roll parameters are small over a broad
enough region.
There are also hybrid inflation [79, 80] models, where two scalar fields are involved but only
one of them is responsible for inflation and other is held at a specific constant value which fixes
the energy scale of inflation. In a typical hybrid inflation model, the scalar field responsible for
inflation evolves toward a minimum with nonzero vacuum energy. Inflation ends as a result
of instability in the second field when the inflaton field reaches its critical value which may be
regarded as a phase transition. Effectively, hybrid inflation scenarios correspond to single field
models with a potential characterized by V ��(φ) > 0 and 0 < �
V
< η
V
[9, 81].
An entirely different strand of inflationary model building is the modified gravity inflation
which relies on the modification to the gravity sector. One way of achieving this is simply by
adding higher order terms constructed entirely from curvature tensor to the Einstein-Hilbert
action. The simplest example of such a model is the R2 inflation [82, 83] where the term
R2/(6M2) is added to the Einstein-Hilbert action. There are also scalar-tensor theories [84],
where modification to gravity is caused by one or more scalar fields and for a single scalar field
the action can be written as
A = −
�
d4x
√−g
�
f(φ)
2
R + 1
2
∂µφ∂µφ+ V (φ)− Lmatter
�
(1.33)
where LMatter does not contain terms involving φ. By the following redefinitions
dφ �−→ MP
�
2f + 3f �(φ)2
4f 2
dφ, V (φ) �−→ M
4
P
f 2
V (φ) (1.34)
the above action can be reduced to that similar to a single scalar field minimally coupled to
gravity and inflation can be studied in the usual way [81]. There are also approaches based on
extra dimensions [85], but we shall not enter into those.
Though, inflation was originally introduced in order to explain the Big-Bang puzzles, by far,
the best attraction of inflationary scenario is their ability to produce correct spectra of cosmolog-
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ical fluctuations observed in the large scale structure of the matter and in CMB. The quantum
fluctuations of the inflaton produce microscopic perturbation seeds and inflation stretched them
outside the horizon. Long after inflation they re-enter the horizon and create observable cosmo-
logical fluctuations. Therefore, the study of cosmological perturbations is indispensable in order
to compare inflationary predictions with the latest observations and to discriminate among dif-
ferent classes of inflationary models.
1.3 INFLATIONARY COSMOLOGICAL PERTURBATIONS
Nowadays, the study of cosmological perturbations has emerged as an essential tool for modern
cosmology to confront any theoretical prediction with the observations. The recent data are
compatible with the current paradigm of the early Universe cosmology, i.e., the inflationary
universe scenario.
It is well known that the inhomogeneities grow with time due to the attractive nature of
gravity. So inhomogeneities were smaller in the past. As we are interested in fluctuations
produced during inflation we can treat them as linear perturbations about their background
values. Though the theory of higher order perturbations is also well studied [86, 87, 88], which
are important in the context of non-Gaussianities [89, 90], but till date the observational data
are very much consistent with the first order perturbation theory.
1.3.1 PERTURBED GEOMETRY
There is a basic distinction between general relativistic perturbations and the perturbations in
other field theories where the underlying space-time is fixed. In general relativity, space-time is
not a frozen background but must also be perturbed if the matter is perturbed. Mathematically,
the problem of describing the growth of small perturbations in the context of general relativity
reduces to solving the Einstein equations linearized about an expanding background. This seems
very straightforward, but it is actually very difficult as well as tedious task in practice due to our
gauge freedom.
Fixing a gauge in GR implies specifying a particular co-ordinate system. The choice of co-
ordinates defines a threading of spacetime into lines (corresponding to fixed spatial coordinates
x) and a slicing of spacetime into hyper-surfaces (corresponding to fixed time t). Life is more
difficult as there is no unique choice for gauge. In order to get rid of gauge ambiguities, there
are two possible way-outs –
1 Construct gauge invariant quantities and then calculate OR
2 Choose a particular gauge and perform the calculations there.
Here we shall follow the gauge invariant approach first formulated by Bardeen [91] and later
improved by many others [92, 93]. Before going into details, we first define conformal time,
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which has been found very useful in studying the evolution of cosmological perturbations as,
η =
�
dt
a(t)
. (1.35)
In a decelerated universe η takes positive values whereas in an accelerating universe it has neg-
ative values. The FRW metric (1.2) for κ = 0, in terms of the conformal time, now takes the
following unanalyzable form
ds2 = a2(η)
�−dη2 + δijdxidxj� . (1.36)
The linear evolution of the cosmological perturbations is obtained by perturbing the FRW
metric at the first-order,
gµν = g¯µν(η) + δgµν(η, x); δgµν(η, x)� g¯µν(η) (1.37)
where g¯µν(η) and δgµν(η, x) are the background homogeneous metric and metric fluctuations re-
spectively. The most useful way to examine the metric fluctuations is to classify them according
to their spin under spatial rotations and there are scalar, vector and second rank tensor pertur-
bations, which are spin 0, spin 1 and spin 2 objects respectively. In linear theory, there is no
coupling between the different fluctuation modes, hence they evolve independently resulting in
autonomous study of each kind with simplified algebra. The most general form of the perturbed
spatially flat FRW metric can be written as
ds2 = a2
�−(1 + 2A)dη2 + 2Bidxidη + (δij + hij)dxidxj� (1.38)
where A is a scalar function, Bi is a vector and hij is a rank two tensor. According to Helmholtz
theorem we know that any vector, Vi, can be decomposed as1, Vi ≡ ∇iU + Ui, where U is a curl
free scalar and Ui is a divergence free vector. As a result the metric perturbations Bi and hij can
be further decomposed uniquely into three categories – scalar, vector, tensor as
Bi = ∇iB + B¯i, where ∇iB¯i = 0 (1.39)
hij = 2Cδij + 2∇i∇jE +∇iEj +∇jEi + E¯ij (1.40)
here E¯ij is a traceless transverse tensor, Ei is a divergence free vector, C, E and B are three
scalar functions. The tensor modes represent the gravitational waves, vector modes decay in an
expanding Universe as a result they do not play important role in the structure formation, so we
shall discuss them no further here. The scalar modes are the most important, as they directly
couple to the matter inhomogeneities and lead to the formation of structure in our Universe, at
1Here ∇ denotes covariant derivative which reduces to the usual partial derivative for a scalar function.
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the same time they are the most complicated due to the gauge issue. Thus from Eqns.(1.38),
(1.39) and (1.40) we see that there are four scalar degrees of freedom, four vector degrees
of freedom and two tensor degrees of freedom corresponding to the two polarization states of
gravitational waves.
The next step is to calculate the perturbations, δGµν , of the Einstein tensor and using Eqn.(1.1)
we obtain δGµν = δRµν − 12δgµνR− 12gµνδR. (1.41)
From Eqn.(1.1) we can now easily write down the perturbed Einstein equations as
δGµν = 8πGδTµν (1.42)
where δTµν is the perturbation to the energy momentum tensor.
A. Scalar Modes
It has already been mentioned that, there are two approaches to deal with the gauge ambigui-
ties. One approach is to fix a gauge, i.e., to pick conditions on the co-ordinates which completely
eliminate the gauge freedom and the other one is to work with a basis of gauge invariant vari-
ables, which will be followed in our subsequent analyses. In the gauge invariant approach, we
first construct two new variables – the Bardeen potentials [91] as follows
Φ ≡ A+H(B − E �) + (B − E �)�
Ψ ≡ −C −H(B − E �) (1.43)
where H ≡ a�(η)
a(η)
and prime denotes derivative with respect to (w.r.t.) the conformal time.
It is easy to check that those two variables are gauge invariant and form the basis for scalar
perturbations [94, 95, 96].
From Eqn.(1.41) and Eqn.(1.43), after some straightforward but tedious algebra one can
finally get the following results 1 [93]
a2δG00 = 2
�∇2Ψ− 3H (HΦ +Ψ�) + 3H �H2 −H�� (B − E �)�
a2δG0i = 2∇i
�
Ψ� +HΦ− �H2 −H�� (B − E �)� (1.44)
a2δGji = −2
��
2H� +H2
�
Φ +HΦ� +Ψ�� + 2HΨ� + 1
2
∇2(Φ−Ψ)� δj
i
− 2 �H�� −HH� −H3� (B − E �) δj
i
+ δjk∇k∇i(Φ−Ψ).
So, we now have the perturbed Einstein tensor for the scalar perturbations. In the following
we shall do the same, but now for the tensor perturbations instead.
B. Tensor Modes
The survey of tensor perturbations is comparatively easier than the scalar case, since by defini-
tion tensors are gauge invariant, therefore no gauge related confusion springs up here. Also, in
1Here ∇2 is the 3-dimensional Laplacian.
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the linear theory tensor modes do not couple to the scalar modes. As a result, the presence of
tensor perturbations does not affect the scalars and they evolve absolutely independently. Tak-
ing into account only the tensor perturbations, the metric (1.38) can be written in the following
form
ds2 = a2
�−dη2 + �δij + E¯ij� dxidxj� . (1.45)
The second ranked tensor E¯ij has six degrees of freedom. But the tensor perturbations are trace-
less, E¯ii = 0, and transverse, ∂iE¯
i
j = 0. Therefore, with these four constraints, there remain only
two degrees of freedom or polarizations. Consequently, the tensor E¯ij can be further decomposed
into two linearly polarization states as [81],
E¯ij = h×(η, x)e×ij + h+(η, x)e
+
ij (1.46)
where e×ij and e
+
ij are two fixed polarization tensors. So, under a rotation by an angle θ we have
(h+ ± ih×) −→ e±2iθ (h+ ± ih×) (1.47)
which shows that the tensor perturbations correspond to two circularly polarized states of helic-
ity ±2, they are referred to as gravitons. Therefore, tensor perturbations are described by two
functions h× and h+. Now, if we further specify the perturbations to be in the x1–x2 plane then
E¯ij can be rewritten in the following 3-dimensional matrix notation [97]
E¯ij =
 h× h+ 0h+ −h× 0
0 0 0
 .
The spatial part of the perturbed Einstein tensor, which provides sufficient information for the
tensor modes, turns out to be
δGij =
1
2
a−2 δik
�
2HE¯ �kj(η) + E¯
��
kj(η)−∇2E¯kj(η)
�
. (1.48)
Therefore, δG12 and the difference between δG
1
1 and δG
2
2 which provide details of tensor mode
evolution, are given by
δG12 =
1
2
a−2
�
2Hh�+ + h
��
+ −∇2h+
�
(1.49)
δG11 − δG22 = a−2
�
2Hh�× + h
��
× −∇2h×
�
. (1.50)
Thus, we now have the left hand side of the perturbed Einstein Eqn.(1.42), for both the scalar
and tensor perturbations. But, to get their complete evolution, we also need the right hand side
of Eqn.(1.42), i.e., the perturbed energy momentum tensor.
1.3.2 MATTER FLUCTUATIONS
The energy momentum tensor, when matter is described by perfect fluid, can be written as
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T αβ = (ρ+ P )u
αuβ − Pδαβ (1.51)
where ρ, P and uα are energy density, pressure and four-fluid velocity respectively. The first
order perturbation to the energy momentum tensor is found to be
δT 00 = δρ, δT
0
i = (ρ0 + P0) a
−1δui, δT ij = −δPδij (1.52)
where ρ0 and P0 are the background values for ρ and P respectively. With the perturbed Einstein
equations in hand, we can now proceed to investigate the evolution for different fluctuation
modes.
But before proceeding further, we note that the Eqn.(1.42) is not gauge invariant. So, we
construct gauge invariant quantities δGGI αβ and δT
GI α
β corresponding to perturbed Einstein and
energy momentum tensors respectively as,
δGGI
0
0 ≡ δG00 +G00� (B − E �) ; δT GI 00 ≡ δT 00 + T 00 � (B − E �)
δGGI
i
j ≡ δGij +Gij � (B − E �) ; δT GI ij ≡ δT ij + T ij � (B − E �) (1.53)
δGGI
0
i ≡ δG0i +
�
G0i − 13Gkk
�
∂i (B − E �) ; δT GI 0i ≡ δT 0i +
�
T 0i − 13T kk
�
∂i (B − E �) .
From the spatial part of the Eqns.(1.44), (1.52) and (1.53) we find that
2
��
2H� +H2
�
Φ +HΦ� +Ψ�� + 2HΨ� + 1
2
∇2(Φ−Ψ)� δj
i
+
2
�
H�� −HH� −H3� (B − E �) δj
i
− δjk∇k∇i(Φ−Ψ) = 8πGa2δP GIδij (1.54)
where δP GI ≡ δP+P �
0
(B − E �) is the gauge invariant pressure perturbation. The absence of non-
diagonal space-space components in the energy momentum tensor, i.e., if there is no anisotropic
stress then it follows from Eqn.(1.54) that, Φ = Ψ. This is precisely the case where matter is
described by a scalar field with canonical form of the action. As we are interested in inflationary
cosmological perturbations, we will assume Φ = Ψ from now on.
To work out the perturbed energy momentum tensor, we start with the following energy
momentum tensor for a scalar field having potential V (φ)
Tµν = ∂µφ∂νφ− gµν
�
1
2
gαβ∂αφ∂βφ+ V (φ)
�
. (1.55)
After some simple algebra and using the background Einstein equations we obtain the following
first order components for the energy momentum tensor
a2δT 00 = −φ
�
δφ
� − a2dV
dφ
δφ+ φ
�2A
a2δT 0i = −φ
�
∂iδφ (1.56)
a2δT ji = −δji
�
a2
dV
dφ
δφ+ φ
�2A− φ�δφ�
�
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where δφ is the fluctuation in the inflaton. From the last of the Eqns.(1.56) we see that for a
scalar field there is no anisotropic stress in the energy momentum tensor as argued previously.
The variable δφ being gauge dependent has no practical usage. So we construct a new variable,
gauge-invariant scalar field fluctuation, δφGI, as
δφGI = δφ+ φ� (B − E �) . (1.57)
Now, the Eqn.(1.42) can be written as
δGGIµν = 8πGδT
GI
µν , (1.58)
which when combined with Eqns.(1.44) and (1.56), we obtain the following perturbed Einstein
equations where matter is described by a scalar field
∇2Φ− 3HΦ� − (H� + 2H2)Φ = 4πG
�
δφGIφ� + δφGI
∂V
∂φ
a2
�
Φ� +HΦ = 4πGδφGIφ� (1.59)
Φ�� + 3HΦ� + (H� + 2H2)Φ = 4πG
�
δφGIφ� − δφGI ∂V
∂φ
a2
�
.
Now, using background Klein-Gordon Eqn.(1.16), from the set of Eqns.(1.59) we can derive the
following equation for the Bardeen potential Φ
Φ�� + 2
�
H − φ
��
φ�
�
Φ� −∇2Φ + 2
�
H� −Hφ
��
φ�
�
Φ = 0. (1.60)
The last term in Eqn.(1.60) describes the force due to gravity leading to gravitational instability,
the second last term is the pressure term which leads to oscillation and the second term is the
Hubble friction term. A point to be noted that here we are considering only the adiabatic modes,
no entropy perturbation has been incorporated, as a result the Eqn.(1.60) does not have any
source term.
As the tensor modes do not couple to matter fluctuations they obey very simple dynamical
equations which can be obtained from Eqns.(1.49), (1.50) and (1.58) by setting δT GIµν = 0, and
in the present context they are given by
h��m + 2Hh
�
m −∇2hm = 0; where m = +, ×. (1.61)
So, both the tensor modes satisfy the same equation. The solutions of the Eqn.(1.61) are known
as gravity waves.
Thus, for both the scalar and tensor perturbations everything can be reduced to the study of
a single variable.
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1.3.3 CO-MOVING CURVATURE PERTURBATIONS
The intrinsic spatial curvature 3R, on the η =constant hyper-surfaces, is given by [91]
3R = − 4
a2
∇2C. (1.62)
The scalar C in the perturbed line element (1.38) generally referred to as the curvature pertur-
bation. Since, C is not gauge invariant, it is not useful for practical purposes. So, we define a
new quantity R by
R ≡ C −Hδφ
φ�
, (1.63)
which is known as the co-moving curvature perturbation. This quantity is gauge invariant and
related to the gauge dependent curvature perturbation C on a generic slicing to the inflaton
perturbation δφ in that gauge. The physical meaning of R is clear from its definition (1.63), it
represents the gravitational potential on the co-moving hyper-surfaces where δφ = 0.
Another important quantity is the curvature perturbation, ζ, on the uniform energy density
hyper-surfaces, i.e., no perturbation in the energy density, which is defined as
ζ ≡ C −Hδρ
ρ�
= R−H
�
δρ
ρ�
− δφ
φ�
�
. (1.64)
The meaning of ζ is that, it represents gravitational potential on the slices of uniform energy
density, i.e., δρ = 0. This quantity ζ has utmost importance in inflationary cosmological pertur-
bations, as it remains conserved outside the horizon for the adiabatic perturbations [98]. Also,
on the super horizon scales ζ ≈ R for the adiabatic perturbations. So, the co-moving curvature
perturbation is also conserved outside the horizon.
In order to derive the equation of motion for R, we first define a new quantity v – the
so-called Mukhanov-Sasaki variable [92, 93]:
v ≡ aδφGI + zΦ, where z ≡ aφ
�
H
. (1.65)
This variable v is related to R via the relation v = −zR. With this new variable v, the Eqn.(1.60)
can be re-expressed as
v�� −
�
∇2 + z
��
z
�
v = 0. (1.66)
The above Eqn.(1.66) is known as Mukhanov-Sasaki equation and carries all the information
about the scalar perturbations.
The tensor modes obey a similar looking equation, given by
u�� −
�
∇2 + a
��
a
�
u = 0 (1.67)
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which can be obtained from Eqn.(1.61) by defining u ≡ MP√
2
ahm where m = +,×.
In order to solve the Eqns.(1.66) and (1.67), we require initial conditions for scalar and
tensor modes. For this, quantization of the perturbation modes (both scalar and tensor) are
required. But, the main motivation behind this quantization is, it is the vacuum quantum fluctu-
ations that are the source of classical cosmological perturbations.
1.3.4 QUANTIZING COSMOLOGICAL PERTURBATIONS
To quantize the cosmological perturbation, we need the associated action. In this case, the total
action of the system, i.e., the Einstein-Hilbert action with matter represented by a single scalar
field minimally coupled to gravity, is given by
S = −1
2
�
d4x M2P
√−gR−
�
d4x
√−g
�
1
2
∂µφ∂
µφ+ V (φ)
�
. (1.68)
In order to derive the equations of motion for the linear perturbations, it is necessary to expand
the action upto the second order in linear perturbations. Since, the first order expansion (S(1))
vanishes when combined with background equations of motion. The term in the second order
expansion (S(2)) is the piece we are interested in, the corresponding Euler-Lagrange equations
provide the equations of motion for the linear perturbations. After a lengthy calculation the
perturbative expansion of the above action upto the second order in the metric and scalar field
fluctuations turns out to be [93],
S(2) = 1
2
�
d4x
�
v�2 − δij∂iv∂jv + z
��
z
v2
�
� �� �
Scalar Part
+ 1
8
�
d4x M2P a
2
�
(E¯ji )
�(E¯ij)
� − ∂kE¯ji ∂kE¯ij
�� �� �
Tensor Part
. (1.69)
The first term on the right hand side is the scalar part and the second term represents the
tensorial part. The action representing tensor perturbation only, can also be written in the
following form
S
(2)
T = −12
�
m=+,×
M2P
�
d4x
a2
2
gµν∂µhm∂νhm. (1.70)
With the substitution u = 1√
2
MP ahm, the action (1.69) can now be re-written as,
S(2) = 1
2
�
d4x
�
v�2 − δij∂iv∂jv + z
��
z
v2
�
� �� �
Sv
+ 1
2
�
d4x
�
u�2 − δij∂iu∂ju+ a
��
a
u2
�
� �� �
Su
(1.71)
where Sv and Su are scalar and tensor part of the second order action respectively. So the total
second order action is sum total of two second order actions corresponding to v and u, i.e.,
S(2) ≡ Sv + Su. The equations of motion for the variables u and v are obtained by varying the
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above action (1.71) w.r.t. u and v respectively, and are given by
v�� −
�
∇2 + z
��
z
�
v = 0 (1.72)
u�� −
�
∇2 + a
��
a
�
u = 0, (1.73)
which are precisely the same as Eqns.(1.66) and (1.67). Now to canonically quantize the actions
Sv and Su, we first construct the canonical momenta πv and πu, canonically conjugate to v and
u respectively,
πv ≡ ∂Lv
∂v�
= v�, πu ≡ ∂Lu
∂u�
= u�. (1.74)
So the corresponding Hamiltonians turn out to be
Hv ≡
�
d3x (v�πv − Lv) = 12
�
d3x
�
v�2 + δij∂iv∂jv − z
��
z
v2
�
(1.75)
Hu ≡
�
d3x (u�πu − Lu) = 12
�
d3x
�
u�2 + δij∂iu∂ju− a
��
a
u2
�
. (1.76)
In quantum theory v, u and πu, πv become operators vˆ, uˆ and πˆu, πˆv respectively. The
quantum operators satisfy the following commutation relation on η = constant hyper-surface,
[vˆ(η,x), vˆ(η,x�)] = [uˆ(η,x), uˆ(η,x�)] = [πˆv(η,x), πˆv(η,x�)] = [πˆu(η,x), πˆu(η,x�)] = 0
[vˆ(η,x), πˆv(η,x
�)] = [uˆ(η,x), πˆu(η,x�)] = iδ (x− x�) , (1.77)
where δ(x) is the usual Dirac delta function. The operators vˆ, uˆ in the Fourier space become
vˆ(η,x) =
1
(2π)3/2
�
d3k
�
aˆkvk(η)e
ik.x + aˆ†kv
∗
k(η)e
−ik.x
�
uˆ(η,x) =
1
(2π)3/2
�
d3k
�
bˆkuk(η)e
ik.x + bˆ†ku
∗
k(η)e
−ik.x
�
, (1.78)
where the creation and annihilation operators aˆ†k, bˆ
†
k and aˆk, bˆk satisfy the usual commutation
relations �
aˆ�k, aˆ�k�
�
=
�
bˆ�k, bˆ�k�
�
=
�
aˆ†�k, aˆ
†
�k�
�
=
�
bˆ†�k, bˆ
†
�k�
�
= 0 (1.79)�
aˆ�k, aˆ
†
�k�
�
=
�
bˆ�k, bˆ
†
�k�
�
= iδ(�k − �k�). (1.80)
The equations of motion for the kth Fourier mode of the quantum fields vˆ, uˆ are respectively
given by
v��k +
�
k2 − z
��
z
�
vk = 0 (1.81)
u��k +
�
k2 − a
��
a
�
uk = 0. (1.82)
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The above Eqns.(1.81) and (1.82) are nothing but the Harmonic Oscillatorswith time dependent
frequencies. The solution of the first Eqn.(1.81) determines the co-moving curvature perturbation
whereas the solution of Eqn.(1.82) are the gravitational waves. In Chapter 3 we derive the wave-
functions for the system of cosmological perturbations, by solving the associated Schro¨dinger
equation, together with a cosmological analogue of the Berry phase [99].
From Eqns.(1.78), (1.79) and (1.80) we obtain the following normalizations for the Wron-
skians of Eqns.(1.81) and (1.82):
vkv
��
k − v�kv�k = i; uku��k − u�ku�k = i. (1.83)
For the slow-roll quasi-exponential inflation, z
��
z
� a��
a
� 2
η2
, then the Eqns.(1.81) and (1.82)
can be solved exactly to get
vk = c1 e
−ikη
�
1− i
kη
�
+ c2 e
ikη
�
1 +
i
kη
�
(1.84)
uk = c3 e
−ikη
�
1− i
kη
�
+ c4 e
ikη
�
1 +
i
kη
�
. (1.85)
To completely specify the solutions, we need to supply initial conditions for vk, uk and v�k, u
�
k,
at some initial time η = η
I
. Since, the co-moving Hubble radius shrinks during inflation, the
wavelength corresponding to a given mode can be found within the Hubble radius if we go
sufficiently back in time. Also, for wavelengths smaller than the Hubble radius, we can neglect
the curvature effects and the modes can be treated as if they are in the Minkowski space-time.
Therefore the natural choice for the particular solution is to take the solution that corresponds
to the usual Minkowski vacuum, i.e.,
lim
η→−∞
vk =
e−ikη√
2k
, lim
η→−∞
uk =
e−ikη√
2k
. (1.86)
The above choice for the initial condition is called the Bunch-Davies vacuum [100, 101]. The
choice of the vacuum (1.86) together with (1.83), determine the complete solution of Eqn.(1.81)
and (1.82), which are given by
vk =
e−ikη√
2k
�
1− i
kη
�
, uk =
e−ikη√
2k
�
1− i
kη
�
. (1.87)
Now we can compute the correlation functions for the operators vˆ and uˆ in the Bunch-
Davies vacuum. The Fourier transformations of the correlation functions define the power spectra
Pv(k), Pu(k) as,
�0|vˆ( �x1)vˆ( �x2)|0� =
�
d3kei
�k.( �x1− �x2)Pv(k)
4πk3
(1.88)
�0|uˆ( �x1)uˆ( �x2)|0� =
�
d3kei
�k.( �x1− �x2)Pu(k)
4πk3
. (1.89)
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The assumptions of homogeneity and isotropy lead to the power spectra which are diagonal in
the Fourier space and depend only upon the magnitude of k. The dimensionless power spectra
for the co-moving curvature perturbation and the gravity waves are then defined as:
PR ≡ k
3
2π2
|R|2 = k
3
2π2
���v
z
���2 (1.90)
PT ≡ k
3
2π2
|T|2 = 2× k
3
2π2
2
M2P
��u
a
��2 . (1.91)
These power spectra are most important findings of our analysis, as they can be directly pre-
dicted from the observational data. I shall now briefly discuss about the present status of differ-
ent observable parameters in the context of inflation.
1.3.5 INFLATIONARY OBSERVABLES
So far we have theoretically demonstrated how to calculate the spectra for scalar and tensor
fluctuations generated during inflation. But to compare among different classes of inflationary
models, confrontations with the latest observational data are essential. The main idea is that one
can predict precisely the statistics of the CMB anisotropies, once the amplitude of the primordial
curvature perturbation as a function of scale, R(k), is supplied, provided we have some choice
for other involved cosmological parameters.
The most important quantity is the dimensionless power spectrum, PR, for the co-moving
curvature perturbation, R, defined in Eqn.(1.90). Upto the first order in slow-roll parameters,
the expression for PR turns out to be
PR(k) =
1
24π2M4P
�
V
�
H
�
. (1.92)
From WMAP nine years data, the present observational bound for PR is: 109PR = 2.464 ± 0.072
at k = 0.002 MPc−1 [5, 47]. From Planck the best fit value for this parameter is: PR = 2.2× 10−9
at k = 0.05 MPc−1 [4, 102].
Another important quantity in the context of scalar perturbations is the scalar spectral in-
dex n
S
, which measures the scale dependence of the power spectrum of co-moving curvature
perturbation at the time of horizon crossing, i.e., at k = aH, and is defined by
n
S
(k) = 1 +
d lnPR
d ln k
|k=aH � 1− 4�H + 2ηH . (1.93)
Current bound on n
S
at k = 0.002 MPc−1 is: n
S
= 0.9608± 0.008 [5, 47] (the bound from Planck
is n
S
= 0.9603 ± 0.0073 [4, 102]). The remaining one is the running of the scalar spectral index
n�S, which measures the scale dependence of the spectral index itself and has been found to be
n�
S
(k) ≡ dnS
d ln k
��
k=aH � −2ξV + 16�V ηV − 24�2V , (1.94)
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where ξ
V
≡ M4P V
�(φ)V ���(φ)
V 4
. The present bound on this parameter is provided by WMAP [5, 47]:
n�S = −0.023±0.011 (from Planck we have n�S = −0.0134±0.009 [4, 102]). The above estimates
for the observational parameters have been calculated in [47] from the WMAP–9 data setting
the pivot scale at k = 0.002 MPc−1 and the slow-roll parameters are evaluated at the time of
horizon exit.
One can define similar quantities for the tensor perturbations also. The power spectrum for
the gravity waves has been defined in Eqn.(1.91). The corresponding observational quantity is
the tensor to scalar power spectrum ratio, r, which upto to the first order in slow-roll parameters
is found to be
r =
PT |k=aH
PR|k=aH � 16�H . (1.95)
Since, the primordial gravity waves are yet to be detected there is no precise estimate for r,
though WMAP has predicted an upper limit: r < 0.13 (95% Confidence Level (C.L.) ) at k =
0.002 MPc−1 [47], while recent data from Planck when combined with WMAP nine year data
provides r < 0.11 (95% C.L.) [4, 102]. The tensor spectral index and its running are given by
n
T
=
d lnPT
d ln k
|k=aH � −2�H (1.96)
n�
T
≡ dnT
d ln k
|k=aH � 4�HηH − 4�2H . (1.97)
The predicted observational constraint on n
T
by WMAP team is: n
T
> −0.048 (95% C.L.) at
k = 0.002 MPc−1, which has been calculated assuming r > 0 and n�
T
= 0 [47].
From the Eqns.(1.95) and (1.96) we obtain a simple relation between tensor to scalar power
ratio, r, and tensor spectral index, n
T
, written explicitly, it looks
r = −8n
T
. (1.98)
Eqn.(1.98) is known as the consistency relation [49, 103]. This relation is obtained by consider-
ing the slow-roll approximation and only taking into account first order of slow-roll parameters.
The consistency relation gets modified if we go beyond first order slow-roll approximation [104].
The relation (1.98) gets modified in the context of brane inflation [105, 106], and non-standard
models of inflation [107] where generalized propagation speed (less than one) of the scalar field
fluctuations relative to the homogeneous background have been considered. Generally, the ob-
servable quantities at the time of horizon crossing is evaluated by adopting perfect de-Sitter
approximation without taking into account the effect of scalar field evolution. But, if do so the
consistency relation takes a modified look [73, 108], which we shall discuss in Chapter 2.
1.4 SUPER HUBBLE EVOLUTION OF THE FLUCTUATION MODES
The fluctuations generated during inflation left the horizon owing to the fact that, the co-moving
Hubble radius was shrinking, whereas co-moving wavelengths of the perturbations remained
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FIG. 1.3: Evolution of the co-moving Hubble radius 1aH and the co-moving wavelength (blue solid line) of
the perturbations. The co-moving Hubble radius decreases first during inflation but increases
after, while co-moving scales remain constant. So the perturbation modes begin to re-enter the
horizon as soon as inflation is over. Figure adopted from [62].
constant. After inflation is over, the co-moving horizon grows, as a consequence all the modes
started to re-enter the horizon, which can be understood from Fig.1.3.
The constancy of R outside the horizon for adiabatic perturbations [98] allows us predict
cosmological observables. After horizon re-entry, R determines the perturbations to the cosmic
fluid observed in CMB and in the large scale structure of the matter. Here we shall only deal with
super-Hubble evolution of the adiabatic perturbations during matter domination. To proceed
further, we now consider the energy-momentum tensor in the following form,
T µν = (ρ+ P )uµuν + Pgµν (1.99)
where uµ ≡ (1, vi) is the four velocity of the fluid and vi is the associated velocity perturbation.
Therefore, for Φ = Ψ, the perturbed Einstein Eqns.(1.59), with the difference that we have now
cosmological fluid instead of scalar field, are given by
∇2Φ− 3HΦ� − 3H2Φ = 4πGa2δρGI
∂i (Φ
� +HΦ) = 4πGa2 (ρ+ P ) vGIi (1.100)
Φ�� + 3HΦ� + (2H� +H2)Φ = 4πGa2δP GI.
For adiabatic perturbations we can always write δP = c2
S
δρ, where c
S
is the speed of sound.
Therefore combining Eqns.(1.100) we can obtain a simple equation
Φ�� + 3H
�
1 + c2
S
�
Φ� − c2
S
∇2Φ + �2H� + �1 + c2
S
�
H2
�
Φ = 0. (1.101)
The right hand side vanishes as we did not take into account entropy perturbation. Now by
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defining the following gauge invariant variable [93, 109, 110]
ζ ≡ −
�
2
3
H−1Φ
�
+ Φ
1 + ω
+ Φ
�
, (1.102)
in super-Hubble regime, which is equivalent to neglect the term c2
S
∇2Φ in Eqn.(1.101), we can
write
ζ � = 0. (1.103)
On the co-moving gauge, i.e., where v = B = 0, ζ is the curvature perturbation. In the Fourier
space, using the definition (1.102) and super-Hubble equivalence of ζ and R, we have
Φk = −3 + 3ω
5 + 3ω
ζk � −3 + 3ω
5 + 3ω
Rk, (1.104)
where ω has been treated as a constant. Therefore, the fluctuation in the gravitational potential,
Φ, is also conserved on the super-Hubble regime. Further, if initially the equation of state is given
by the constant ω
I
and later changes to another constant ω
F
, then [111]
Φk,F ≈ 1 + ωF
1 + ω
I
5 + 3ω
I
5 + 3ω
F
Φk,I . (1.105)
Therefore, during the transition from radiation (ω = 1/3) to matter (ω = 0) domination, the
potential Φk,I changes to Φk,F = 910Φk,I , on the super-Hubble scales.
The matter density fluctuation can be deduced from Eqns.(1.100) and using the background
Friedmann Eqn.(1.4) for κ = 0 we obtain
3HΦ�k + 3H
2Φk + k
2Φk = −32H2δm(k). (1.106)
where δm ≡ δρGI/ρm is the matter density contrast. So given a specific form for the primordial
curvature perturbation, Rk, we can determine the fluctuations in matter. Now, during matter
domination (δP GI = 0) H = 2/η. Consequently, from the last equation of (1.100), in the super-
Hubble regime, we get
Φk = C1 + C2η
−5, (1.107)
where C1, C2 are independent of time but may have spatial dependences. Ignoring the decaying
part we can now conclude that Φk does not evolve with time on the super-horizon scales. As a
consequence from Eqn.(1.106), for k � H, we have
δm(k) = −2Φk = 65Rk. (1.108)
This relation shows that perturbation with a given wavelength generated during inflation evolves
with a slightly rescaled amplitude on the super-horizon scales. Not only that, when a given
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FIG. 1.4: Fluctuations in the CMB temperature, as measured by WMAP, about the average temperature
of 2.725 K. Figure taken from [62].
wavelength re-enters the horizon, the amplitude of the gravitational potential depends upon
the time of re-entry. Therefore, given an early universe inflationary model, we can calculate the
co-moving curvature perturbation and its impact on matter density contrast therefrom. In other
words, measurement of the matter density fluctuations helps us predict correct amplitude of the
perturbation generated during inflation. I shall come back to this in a later chapter. Let’s now
move on to the most powerful and engrossing source that caries the best information about the
early Universe – the cosmic microwave background radiation.
1.5 THE COSMIC MICROWAVE BACKGROUND
The Cosmic Microwave Background [112, 113], which is an electromagnetic-radiation filling our
Universe, provides a snapshot of the Universe when it was about 400,000 years old. At that time,
baryons and photons were tightly coupled and all the electrons were free. Due to the scattering
from these electrons the mean free path of photons was very short compared to the cosmological
distance scales, as a result the Universe was opaque. Later, when the plasma became cool
enough to produce helium and hydrogen atoms the photons were released and Universe finally
turned transparent. This phenomenon is known as recombination and the surface corresponding
to that redshift is called the last scattering surface (LSS). After recombination, the primordial
radiation does not interact with matter and photons come to us without being further scattered.
The CMB is very close to isotropic with anisotropies being of the order of 10−5, so we conclude
that at the time of last scattering our Universe was almost homogeneous and isotropic.
The small anisotropies in CMB are observed as the angular fluctuations of its temperature
[2, 3, 4, 5, 114, 115]. Since, outside the horizon the primordial curvature perturbations remain
frozen [98], the measurement of CMB temperature fluctuations at angular scales > 1◦, which
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correspond to the super-Hubble size at recombination, directly probes the primordial spectrum.
On the other hand, temperature fluctuations on the scales < 1◦ are very sensitive to various
cosmological parameters. So, precise measurements of small scale temperature fluctuations
help us determine those parameters.
Apart from temperature anisotropies, CMB is also linearly polarized which was first detected
by Degree Angular Scale Interferometer (DASI) [116]. So, CMB provides two additional observ-
able parameters beside temperature anisotropy in the form of linear polarizations. The CMB
temperature fluctuations and polarizations are directly related to various cosmological parame-
ters and also to the spectrum of primordial perturbations generated during inflation.
In this section, I shall mostly discuss CMB temperature fluctuations broadly following the
trail as given in [73, 117].
1.5.1 TEMPERATURE FLUCTUATIONS
The last scattering surface is spherical around us, so it is convenient to expand the temperature
field into spherical harmonics, Ylm, as
δT (nˆ)
T¯
=
�
�m
T�mY�m(nˆ) (1.109)
where T¯ is the background temperature of CMB, nˆ is the unit vector on the surface of the last
scattering sphere and δT (nˆ) ≡ T (nˆ) − T¯ , is the temperature fluctuation in the direction of nˆ.
Using the orthonormal property of the spherical harmonics we get
T�m =
�
dnˆ
δT (nˆ)
T¯
Y ∗�m(nˆ). (1.110)
The angular power spectrum for the temperature fluctuations in CMB is then defined as
�T�mT ∗��m�� = δmm�δ���CTT� . (1.111)
These CTT� contain all the informations about CMB temperature anisotropies, provided the fluc-
tuations are Gaussian.
There are mainly two reasons for temperature fluctuations in CMB – inhomogeneities present
at LSS and redshift variations of the photons during their journey from LSS to the observer,
which has been roughly shown in Fig.1.5.
Before decoupling, frequent photon collisions kept the photon distribution isotropic in its
rest frame. As a result, an observer just after recombination sees no anisotropy in CMB except
for monopole due to fluctuations in photon energy density δγ ≡ ργ−ρ¯ρ¯γ at LSS and a dipole which
corresponds to relative velocity vγ of the CMB with respect to the observer. So, in the sudden
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[ δTT ]Jour
( δTT )Intr=θ(t ls , x , n̂)
Surface of Last Scattering
The Observer
T (n̂)=2.73K+δT ( n̂)( δTT )Obs=( δTT )Intr+( δTT )Jour
FIG. 1.5: The CMB anisotropies:– intrinsic, i.e., anisotropy present at LSS and anisotropy that arises as
photons travel from the LSS to us.
decoupling approximation, i.e., considering decoupling to be an instantaneous process which is
equivalent to snub the effect of finite thickness of LSS, the temperature fluctuation just after
decoupling turns out to be [81]
Θ(η,x, nˆ)|ls ≡ δT (η,x, nˆ)
T¯ (η)
|ls =
�
1
4
δγ + nˆ.vγ
�
ls , (1.112)
where nˆ is the unit vector along the direction of photon propagation and the subscript “ls” stands
for that the quantity is evaluated at the time of last scattering. During their journey from LSS
to observer, the fractional temperature fluctuation in CMB, Θ(η,x, nˆ), gets another contribution
from the Sachs-Wolfe effect [118], Θ(η,x, nˆ)sw. So, the total CMB anisotropy in the sudden
decoupling approximation is given by
Θ(η,x, nˆ) =
�
1
4
δγ + nˆ.vγ
�
ls +Θ(η,x, nˆ)sw. (1.113)
A. Large Scale Anisotropy: Sachs-Wolfe Effect
The large scale (θ � 1◦) CMB anisotropies, i.e., where �� 180, are induced by the perturbations
having wavelengths exceeding the Hubble radius at LSS and they did not get enough time to
evolve from their primordial state. Consequently, measurement of the large scale temperature
fluctuations provides pristine information about the primordial perturbations.
The large scale CMB temperature anisotropies are dominated by the Sachs-Wolfe effect [118].
By defining q(x, η) ≡ a(η)pˆ(x, η), pˆ being photon 4-momentum, the Sachs-Wolfe effect in the
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sudden decoupling approximation turns out to be
ΘSW(nˆ) ≡
η0�
ηls
dq
q
= Ψls −Ψ0 +
η0�
ηls
∂
∂η
(Ψ + Φ)dη = Ψls +
η0�
ηls
∂
∂η
(Ψ + Φ)dη (1.114)
where nˆ is the unit vector along the line of sight and η0 is the present value of the conformal time.
The term Ψ0 has been dropped as it only affects the unobservable monopole. The contribution
from the integral is known as integrated Sachs-Wolfe effect. Now the integral in Eqn.(1.114) is
non-zero only if the gravitational potentials are time dependent. We assume that Universe is
completely matter dominated from LSS to present, so that ∂Ψ
∂η
= ∂Φ
∂η
= 0, and there will not
be any integrated Sachs-Wolfe effect. Therefore, the total Sachs-Wolfe contribution, considering
negligible integrated Sachs-Wolfe effect and Φ = Ψ, is
ΘSW(nˆ) = Φls (1.115)
and the total CMB temperature anisotropy assuming complete matter domination at last scat-
tering in the sudden decoupling approximation turns out to be
Θ(nˆ) =
��
1
4
δγ + Φ
�
+ nˆ.vγ
�
ls . (1.116)
Now, for adiabatic perturbations 1
4
δγ =
1
3
δm = −23Φ, and in this case the velocity perturbation, vγ,
at super-horizon scales is negligible. So, using Eqn.(1.108) we finally get total CMB anisotropy
at large angular scales as,
Θ(nˆ) =
�
1
4
δγ + Φ
�
ls =
1
3
Φls = −15Rls. (1.117)
This result is known as the Sachs-Wolfe effect, which is basically independent of cosmological
parameters and only depends on the primordial curvature perturbation. The above result is in-
deed a very good approximation for the CMB anisotropies upto � ∼ 30 or so. The corresponding
spectrum is given by
Csw� =
4π
25
� ∞
0
dk
k
j2� (kη0)PR(k)� �� �
Inflation
� 4π
25
1
�(�+ 1)
PR (�/η0) , (1.118)
where j� is spherical Bessel function of oder � and in the second line we have neglected the scale
dependence of PR. This is the most dominant contribution to the CMB angular power spectrum
for angular separations θ � 1◦ or � � 180, which correspond to super-horizon scales at last
scattering surface.
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B. Small Scale Anisotropy: Baryon Acoustic Oscillation
In the smaller scales, i.e., for � > 180, the main contribution to C� comes from the perturbations
which have entered the horizon before recombination. As a result, they have evolved significantly
from their primordial state before we observe them.
The Fourier transform of Eqn.(1.116) gives
Θ(nˆ) =
1
(2π)3/2
� ��
1
4
δγ(k) + Φ(k)
�
+ nˆ.vγ(k)
�
ls e
k.nˆη0d3k (1.119)
where we have used xls ≡ (η0 − ηls) nˆ ≈ η0nˆ. Taking into account the following relation,
between 3-dimensional plane waves and spherical harmonics,
eik.x = 4π
�
��m�
i�
�
j�(kx)Y��m�(x)Y
∗
��m�(k), (1.120)
we get the following expression for the CMB multipoles [81]:
Θ�(k) =
�
1
4
δγ(ηls,k) + Φ(ηls,k)
�
j�(kη0) + vγ(ηls,k)
dj�(kη0)
d(kη0)
. (1.121)
In the following we shall derive an approximate analytical expression for Θ�.
In the tight coupling approximation, the photon-baryon system can be characterized by a
single fluid velocity vb = vγ ≡ v. The gravitational attraction of the over-dense regions causes
the photon-baryon fluid to fall into their gravitational wells. However, this increases the radia-
tion pressure, as a result fluid starts to oscillate. This phenomena dominates CMB anisotropies
on the smaller scales, θ < 1◦. The acoustic oscillation of the baryon-photon fluid is governed by
the following equation [81, 97]
1
4
δ
��
γ,k +
1
4
R
�
1 + R
δ
�
γ,k +
1
4
k2c2
S
δγ,k = −13k2Φk(η) +
R
�
1 + R
Φ
�
k(η) + Φ
��
k(η) (1.122)
where R ≡ 3ρb
4ργ
, is the ratio of baryon to photon energy density and c2
S
= 1
3(1+R)
, is the square
of the sound speed in the baryon-photon fluid. In tight coupling approximation R changes very
slowly so that c
S
is almost constant and we may ignore the small damping of the oscillation
in (1.122). Assuming complete matter domination at LSS, so that Φk is constant, the general
solution of Eqn.(1.122) is given by
1
4
δγ,k = −(1 + R)Φk + Ak cos(krS) + Bk sin(krS) (1.123)
where r
S
≡ � η
0
c
S
(η)dη, is the co-moving size of the sound horizon and Ak, Bk are constants.
It is easy to check that Ak = 12Φk ≡ 12T 0kΦ0k, where Φ0k = −23R|k=1/η are the modes which have
reentered the horizon during radiation domination and T 0k is the transfer function associated
with them, and Bk = 0. So, the particular solution is now given by
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1
4
δγ,k = −(1 + R)Φk + 12T 0kΦ0k cos(krs). (1.124)
In order to obtain photon velocity perturbation, vγ,k, we differentiate (1.124) w.r.t. conformal
time η and use the relation 1
4
δ
�
γ,k = −13 kvγ,k + Φ
�
k to get
vγ,k =
3
2
c
S
T 0kΦ
0
k sin(krs). (1.125)
In the smaller scales, photon diffusion lowers the inhomogeneities, which is known as Silk
damping [119]. Taking this into account, the acoustic oscillation at LSS turns out to be
1
4
δγ(ηls, k) = −(1 + R)Φ(ηls, k) + 12T 0kΦ0k
�
e−k
2/k2
D cos(kr
S
)
�
η=ηls
vγ(ηls, k) =
3
2
c
S
T 0kΦ
0
k
�
e−k
2/k2
D sin(kr
S
)
�
η=ηls
(1.126)
where k−2
D
≡ �2
5
� η
0
c2
S
τγ
a
dη
�
, defines the Silk damping scale and τγ is the mean free time of photon
due to Thompson scattering.
So far, we have worked in the tight coupling approximation by neglecting the thickness
of LSS which is an idealistic assumption. Now, if we include finite thickness of LSS, then
Eqn.(1.121) can be cast as [117],
Θ� =
��
1
4
δγ(ηls,k) + Φ(ηls,k)
�
j�(kη0) + vγ(ηls,k)
dj�(kη0)
d(kη0)
�
e−(σkηls)
2
(1.127)
where σ ≡ 1.49 × 10−2
�
1 + (1 + zeq/zls)
−1/2
�
, zeq and zls are redshifts corresponding to matter-
radiation equality and LSS respectively. So, the CMB spectrum for small angular scales now
turns out to be
C� =
2
π
� ∞
0
k2dk|Θ�|2 (1.128)
� 2
π
� ∞
0
k2dk
���1
4
δγ + Φ
��2
ηls
+ |vγ|2ηls
�
1− �[�+ 1]
k2η2
0
��
e−2(σkηls)
2
j2� (kη0).
The super-Hubble evolution of the gravitational potential Φ during matter dominated era can be
calculated from Eqn.(1.104) by setting ω = 0. But, to get its small scale behavior we need to
evolve Φ to the smaller scales, which can be incorporated by suitably defining the associated
transfer function. So, we define
Φk ≡ −35TkRk, (1.129)
where Tk is the transfer function which approaches to 1 for the modes having wavelengths
comparable to the contemporary size of the horizon. Then with further simplifications, the
above Eqn.(1.128) boils down to [73, 117]
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C� ≈ 4πPΦ0
� ∞
0
dx
x
j2� (x�)
�
81
100
R2Tk
2(x)e
− �2x2
�2
f − 9
10
RTk(x)T
0
k (x)e
− 1
2
�2x2
�2
f
+l2s cos(ρ�x)
+ 1
4
T 0k
2
(x)e
− �2x2
�2s cos2(ρ�x) + 9
4
c2
S
T 0k
2
(x)e
− �2x2
�2s
�
1− �(�+ 1)
�2x2
�
sin2(ρ�x)
�
(1.130)
where x = kη0
�
, �−2f ≡ 2σ2
�
ηls
η0
�2
, �−2s ≡ 2 [σ2 + (kDηls)−2]
�
ηls
η0
�2
, ρ ≡ 1
η0
� ηls
0
c
S
dη and PΦ0 ≡
k3
2π2
|Φ0k=aH=1/η|2. All the statistical informations for the small scale CMB temperature anisotropy
are encoded in the Eqn.(1.130). The dependency on various cosmological parameters is implicit
here, but are encoded in the transfer functions.
In the present context of precision cosmology the study of CMB polarization, Gravitational
Lensing of CMB, dark energy etc. are very important, which are also very much related to the
current discussion. But I don’t want to prolong this introductory review, the discussions on CMB
polarization, Gravitational Lensing of CMB are upheld for the Chapter 5, though I shall not enter
into dark energy related aspects. The main idea is that, the quantum fluctuations of the inflaton
field generate cosmological perturbations of all wavelengths and inflation then stretched those
perturbation modes outside the horizon. Long after inflation they re-enter the horizon and create
temperature anisotropies in CMB. The radiation from LSS has to travel a long distance before
we can observe them. In between that, the paths of the CMB photons get distorted by the
fluctuations in the gravitational potential, and the power in CMB spectra are changed, which
is known as Gravitational Lensing of CMB. Now let’s stop here, and turn our attention to the
organization of this thesis.
1.6 PLAN OF THE THESIS
The thesis can broadly be divided into two sections – (i) theoretical aspects of cosmological inflation
and (ii) observational aspects of cosmological inflation. Chapters 2 and 3 mostly deal with (i) whereas
Chapters 4 and 5 deal with (ii), though there are some overlap of these two aspects as they are
not entirely distinct from each other.
In the next Chapter 2 we have discussed a new model of inflation – mutated hilltop infla-
tion [72, 73]. Here, the analytical expressions for most of the quantities involved have been
derived. The observable parameters are evaluated at the time of horizon crossing by taking into
account the direct effect of scalar field evolution, which yields a modified consistency relation.
The inflationary observable parameters as estimated from the model are then confronted with
observational data from WMAP. We then continue with our analytical framework to analyze
post-inflationary evolution of the perturbations and its impact on CMB temperature anisotropies.
Precisely, we have derived expressions for matter power spectrum, Sachs-Wolfe effect and baryon
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acoustic oscillations based on our model and confronted the results with observation following
a semi-analytical approach.
Then in Chapter 3 we have derived a cosmological analogue of the Berry phase [99] in
the context of inflationary cosmological perturbations [120]. We first develop the framework
and then derive the wave-function for the inflationary cosmological perturbations by solving the
Schro¨dinger equation using dynamical invariant operator technique [121, 122, 123]. Then we
calculate the Berry phase for both the scalar and tensor modes. We have also shown that the
cosmological analogue of the Berry phase is a new parameter made of corresponding spectral
indices. Finally, we establish a naive link between the Berry phase thus obtained and inflationary
observable parameters together with its physical significance.
Next, in Chapter 4 we have discussed quasi-exponential models of inflation [108] using
Hamilton-Jacobi technique. Starting with a phenomenological Hubble parameter, we derive
the condition under which the model yields quasi-exponential solution. Then we confront our
analysis with the WMAP seven years data using the numerical code CAMB [124].
In Chapter 5 we start with a brief review on weak gravitational lensing of CMB and CMB
polarization. We then provide a new technique for subtracting out lensing effect from CMB
spectra to get delensed CMB spectra, using a simplematrix inversion technique [125]. To compare
our results with the theory, we have developed a FORTRAN–90 code that takes the lensed CMB
power spectra and the CMB lensing potential as inputs and provides us delensed CMB power
spectra. For the calibration of our code, we have usedWMAP seven years data and compare our
results with CAMB outputs.
Finally, I finish with outcomes of this thesis together with future prospects in Chapter 6.
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CHAPTER
2
Mutated Hilltop Inflation
This Chapter is based on our following works:
• Barun Kumar Pal, Supratik Pal and B. Basu, Mutated hilltop inflation: a natural choice for early universe,
JCAP 1001, 029 (2010).
• Barun Kumar Pal, Supratik Pal and B. Basu, A semi-analytical approach to perturbations in mutated hilltop
inflation, IJMPD 21, 1250017 (2012).
2.1 INTRODUCTION
Inflationary scenario first came into existence through a pioneering work by Guth in 1980 [1]. It
is the ability to bring forth quantum seeds for the observed cosmological fluctuations leading to
a nearly scale-free spectrum, that has turned inflationary scenario into an integral part of mod-
ern cosmology. But, the large observational window is still allowing a number of inflationary
models. So, inflationary model building is still alive with added complicacy arising from the
current precision level in measuring various cosmological parameters [4, 5].
In the most simple case inflation is driven by a single scalar field, inflaton, which evolves
slowly along a nearly flat potential generally very difficult to achieve in the context of particle
physics motivated models [8, 9]. But this flatness condition can be accomplished without much
effort by postulating inflation occurring near the local maximum of the potential which was first
shown in [71, 126]. These types of models are dubbed as hilltop inflation and has drawn a lot
of attention of late, not only for its ability to supply flat potentials but many existing inflationary
models can be converted to hilltop [71, 126] by suitable tuning of parameters. Here we would
like to investigate a variant of hilltop inflation model, “mutated hilltop inflation” [72, 73], the
crucial characteristic feature of which is that, here the modification to the flat potential is not
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mere addition of one or two terms from a power series, rather a hyperbolic function which
contains infinite number of terms in the power series expansion, thereby making the theory
more concrete and accurate at the same time. The associated potential vanishes at its absolute
minimum which makes inflation to end so that it is not eternal. Also, during inflation, the second
derivative of the potential is negative, which is recently preferred by Planck [4, 102]. The name
“mutated hilltop inflation” has been inspired from “mutated hybrid inflation” [127] by noticing
the similarity of the inflaton potential shape, which is inverted, in both the scenarios. Also, the
energy scale for mutated hilltop inflation is well below the Planck scale which is also in accord
with the mutated hybrid inflation. The mutated hybrid inflation involve two real scalar fields.
In contrast with ordinary hybrid inflation, the waterfall field (field other than inflaton) for the
involved potential has no mass term during inflation and is not fixed at the origin, instead it
adjusts to minimize the potential at each value of the inflaton.
In this chapter we would like to see how far one can proceed analytically based on a par-
ticular model of inflation, adopting least number of approximations. This will not only allow
us confront inflationary predictions directly with the observational data, but may also provide
few interesting results. In the process we shall provide analytical results for most of the quan-
tities involved. In estimating inflationary observables at the time of horizon crossing, we have
adopted a new route by taking into account the effect of scalar field evolution which leads to a
modified consistency relation. The analytical framework also allows us compute post inflationary
perturbations.
2.2 THE MODEL
Let us propose a form of the potential
V (φ) = V0 [1− sech(αφ)] , (2.1)
where V0 represents the typical energy scale for hilltop inflation and α is a parameter having
dimension of inverse Planck mass. Fig.2.1 shows explicit behavior of the potential with the
inflaton for different values of α. It will be revealed later on that α = (2.9 − 3.1) M−1P gives the
best fit model from the observational ground. So, here, and throughout the rest of the chapter,
we adhere to this range for α. The nature of the potential in Fig.2.1 is a characteristic feature
of mutated hilltop inflation models, which resembles mutated hybrid inflation models [127].
The characteristic feature of the earlier models of hilltop inflation is that the inflation occurs
near the maximum of the potential. The presence of an infinite number of terms in the power se-
ries expansion of the potential (2.1) makes mutated hilltop inflation different from other hilltop
inflation where mostly two-term approximations have been incorporated [71, 126]. Not only
that, mutated hilltop inflaton potential satisfies V (φmin) = V �(φmin) = 0, at its absolute mini-
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FIG. 2.1: Variation of the mutated hilltop inflation potential with the scalar field for three sets of values
for α. For super-Planckian inflaton value the potential has a sufficiently flat region.
mum φmin, which characterizes a significant difference from the usual hilltop potential [128].
The vanishing of the potential at its absolute minimum guarantees that inflation is not eternal.
2.3 SOLUTION TO DYNAMICAL EQUATIONS
The Friedmann Eqn.(1.17) for the potential (2.1), turns out to be
H2 = 1
3M2P
V0[1− sech(αφ)]. (2.2)
In the present context the Hubble slow-roll parameters, defined in Eqn.(1.21), are given
�
H
=
M2P
2
α2
sech2(αφ) tanh2(αφ)
[1− sech(αφ)]2
η
H
=
M2P
2
α2
�
2 sech(αφ)[sech2(αφ)− tanh2(αφ)]
[1− sech(αφ)] −
sech2(αφ) tanh2(αφ)
[1− sech(αφ)]2
�
. (2.3)
The basic intention of using Hubble slow-roll parameters is not to restrict ourselves in the usual
slow-roll approximation which is somewhat limited in a generic super-gravity theory [129, 130]
but to use a more accurate version of the same.
The equation supplementary to (2.2), i.e., the Klein-Gordon Eqn.(1.16), which in the slow-
roll approximation is given by Eqn.(1.18) and in the present context turns out to be�
1− sech(αφ)
sech(αφ) tanh(αφ)
dφ+ α
�
V0
3
MP dt = 0. (2.4)
An exact solution for the above equation can indeed be obtained by direct integration. Written
explicitly, the solution looks
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FIG. 2.2: Variation of the inflaton field with time (in units of 1010 M−1P ) for three set of values for α.
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�
−
√
2 sinh−1
�√
2 sinh
αφ
2
�
+ 2
�
tanh−1
�
sinh αφ
2√
coshαφ
�
+
�
coshαφ sinh
αφ
2
��
= −α
�
V0
3
MP t+ constant. (2.5)
However, though exact, this solution is not very useful for practical purpose because of its
complexity. Precisely, in order to deal with estimates of the observable quantities, one has
to use this expression for further analytical and numerical calculations, which is not easy to
handle. Instead, one can search for an approximate analytic solution of Eqn.(2.4) which will
help us derive analytical expressions for most of the parameters involved with the theory of
inflation and perturbations therefrom. This will, in turn, help us visualize the pros and cons of
the scenario both analytically and numerically for quantitative estimation at a later stage. We
foresee more merit in this route and will follow it subsequently.
We first note that Eqn.(2.4) can be rewritten as�
sech2(αφ) + sech3(αφ)
�− 1
2 dφ+ α
�
V0
3
MP dt = 0. (2.6)
Now neglecting the term sech3(αφ) in Eqn.(2.6) as sech(αφ) is small in the present case, the
analytic solution of the Eqn.(2.6) is found to be
sinh(αφ) = −α2
�
V0
3
MP t+ constant, (2.7)
where the constant can be calculated from the condition that at the end of inflation, t = t
E
, the
scalar field has the value φ = φ
E
. This readily gives
sinh(αφ) = α2
�
V0
3
MP (d− t), with d = tE + sinh(αφE)
�
α2
�
V0
3
MP
�−1
(2.8)
where φ
E
is estimated from the relation: �
H
(φ
E
) = 1. In Fig.2.2 we have shown the variation
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of the scalar field with the cosmic time for α = (2.9 − 3.1) M−1P . The plot clearly shows that
the scalar field gradually decays as it approaches towards the end of inflation, finally reaching
a value φ
E
.
Using the expression (2.8) for the scalar field as a solution of the Klein-Gordon equation in
the slow-roll regime, we arrive at the following equation
da
a
=
α2 V0
3
(d− t)�
1 + α4 V0
3
M2P (d− t)2
dt. (2.9)
Consequently, the solution for the scale factor turns out to be
a(t) = a
I
exp
�
−(αMP )−2
�
1 + α4 V0
3
M2P (d− t)2
�
(2.10)
where a
I
≡ a(t
E
) exp [(αMP )−2 cosh(αφE)] is the scale factor at the end of inflation, scaled by
the exponential term.
The expression for the number of e-foldings can also be found analytically using Eqn.(1.23),
which turns out to be
N ∼ (α2M2p )−1
�
cosh(αφ)− ln cosh2 �1
2
αφ
��φ
I
φ
E
. (2.11)
The Table 2.1 summarizes estimates of the involved parameters corresponding to three
different values of α.
α �
H
< 1 |η
H
| < 1 φ
E
φ
I
N φhc
M−1P φ ≥ MP φ ≥ MP MP MP MP
2.4463 70 2.3943
2.9 0.5989 1.0219 1.0219 2.3943 60 2.3330
2.3711 56 2.3052
2.3871 70 2.3369
3.0 0.5876 1.0080 1.0080 2.3369 60 2.2777
2.3145 56 2.2507
2.3311 70 2.2825
3.1 0.5768 0.9944 0.9944 2.2825 60 2.2252
2.2608 56 2.1990
TAB. 2.1: Table for different parameters related to the mutated hilltop inflation.
Here φhc corresponds to the value of the inflaton at horizon crossing. From the above table it is
clear that mutated hilltop inflation occurs while the inflaton remains above the Planck scale. The
range for the model parameter α, 2.9 M−1P ≤ α < 3.1 M−1P , has been constrained in such a way
that the inflaton scale remains super-Planckian during inflation. It can also be seen that η
H
> 1
happens earlier than �
H
> 1, so the slow-roll approximation may become inaccurate towards the
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end of inflation. So, we have considered the end of inflation to be at η
H
= 1. But, as it occurs
during negligible number of e-foldings, the observable predictions for mutated hilltop inflation
remain unaffected.
2.4 IMPLICATIONS TO COSMOLOGICAL PERTURBATIONS
Before going into the details of perturbations we note that in the expression for the scale factor
(2.10), the term α4 V0
3
M2P (d − t)2 is much larger than unity during inflation, so the following
approximation holds good for mutated hilltop model of inflation
a(t) ∼ a
I
exp
�
M
−1
P
�
V0
3
(t− d)
�
. (2.12)
Hence the scale factor behaves pretty close to de-Sitter so that we can use near de-Sitter approx-
imation wherever necessary. We shall employ this argument in the following analysis.
The conformal time, η, which is more useful than the cosmic time, t, to study cosmological
perturbation, in the present context turns out to be,
η = −MP
�
3
V0
a(η)−1. (2.13)
2.4.1 CURVATURE PERTURBATION
The Mukhanov-Sasaki equation is given by (1.81) and for the present case we have
z ≈ α−1MP
�
3
V0
|η|−1 [ln f(η)]−1 , (2.14)
where we have defined f(η) ≡ a
I
M−1P
�
V0
3
|η|, also during slow-roll inflation we know that z��
z
≈
a��
a
. Therefore Mukhanov-Sasaki Eqn.(1.81) turns out to be
v��k +
�
k2 − 2
η2
�
vk = 0, (2.15)
which has the solution as given by Eqn.(1.87). Thus the co-moving curvature perturbation, which
is defined by Rk = −vkz , in this context has the following form
Rk = −αM−1P
�
V0
3
e−ikη√
2k
|η|
�
1− i
kη
�
[ln f(η)]. (2.16)
Consequently, the spectrum for the co-moving curvature perturbation turns out to be
PR(k) =
α2V0
12π2M2P
�
1 + k2η2
�
[ln f(η)]2 . (2.17)
Now, in order to evaluate the spectrum at the time of horizon exit during inflation, i.e., at
k = aH, we proceed along two different paths. First we shall discard the effect of scalar field
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evolution and adopt perfect de-Sitter approximation so that at horizon crossing k = aH = η−1.
Then we take into account the effect of scalar field evolution in our estimations, i.e., we do not
put k = aH = η−1 a priori. In due course it will be shown that the results thus obtained differ
by a small amount and lead to a modified consistency relation.
To proceed through the second trail, we first note that at horizon crossing
k = aH = a
I
M
−1
P
�
V0
3
e
M−1P
�
V0
3
(t−d)
, and d ln k = M−1P
�
V0
3
dt (2.18)
which can be derived from Eqn.(2.12). Therefore, at horizon crossing, for the inflationary model
under consideration we get
1 + k2η2 ≈ 2− 1
α2
�
V0
3
MP (d− t)
. (2.19)
The result is slightly different from the usual relation 1+ k2η2 = 2. Our approach is a bit similar
to [105], where variable speed of the scalar field fluctuation has been taken into account for
evaluating observable quantities at horizon exit. In the following we shall use superscript “1”
to denote observable parameters estimated following the usual trail and superscript “2” to refer
observables estimated using our new trail.
Now the spectrum for Rk at the time of horizon crossing by discarding the effect of scalar
field evolution turns out to be
P
(1)
R |k=aH =
α2V0
6π2M2P
[ln f(η
k
)]2 , (2.20)
where η
k
represents the conformal time when a particular mode with wavenumber k leaves the
horizon. In the new trail, using Eqn.(2.19), at horizon exit we obtain
P
(2)
R |k=aH =
α2V0
6π2M2P
�
1− α
−2M−2P
2 ln f(η
k
)
�
[ln f(η
k
)]2 . (2.21)
Therefore from Eqns.(2.20) and (2.21), we see that if one considers the direct effect of scalar
field evolution in estimating the power spectrum at the time of horizon exit, the result will differ
slightly from the usual one.
Once the spectrum is known, we can immediately calculate corresponding spectral index,
which in the standard path yields,
n(1)
S
= 1 +
d lnPR(k)
d ln k
|k=aH = 1− 2 [ln f(ηk)]−1 , (2.22)
and in our non-standard approach ends up with
n(2)
S
= 1−
�
4 ln f(η
k
)− α−2M−2P
2 {ln f(η
k
)}2 − α−2M−2P ln f(ηk)
�
. (2.23)
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Again we see that, there is slight difference between two results. We have also succeeded in
deriving an expression for the running of the spectral index from our model. The corresponding
expression in the usual approach turns out to be
n�
S
(1) ≡ dnS
d ln k
|k=aH = −2 [ln f(ηk)]−2 (2.24)
and our new trail yields
n�
S
(2)
= −
�
8 {ln f(η
k
)}2 − 4α−2M−2P ln f(ηk) + α−4M−4P�
2 [ln f(η
k
)]2 − α−2M−2P ln f(ηk)
�2
�
. (2.25)
Clearly, though the quantities within the parentheses in Eqns.(2.24) and (2.25) are quite small,
but still yield nonzero values resulting in a negative running of the spectral index consistent with
WMAP three years data set and the following data coming in subsequent years (like WMAP–5,
WMAP–9 and Planck).
Comparing Eqns.(2.20, 2.21), Eqns.(2.22, 2.23) and Eqns.(2.24, 2.25), we see that the cor-
rection terms that arise due to the effect of scalar field evolution though very small, but may
have some significant role from the theoretical point of view.
2.4.2 TENSOR PERTURBATIONS
The tensor modes are given by Eqn.(1.87) and the corresponding spectrum in the present con-
text is given by
PT =
V0
3π2M4P
(1 + k2η2). (2.26)
Now proceeding similar to scalar perturbations, we first evaluate the spectrum (2.26) at horizon
exit which in the standard approach yields
P
(1)
T |k=aH =
2V0
3π2M4P
. (2.27)
Thus we see that tensor power spectrum is a constant, i.e., scale independent. This was expected
as we are using the scale factor (2.12) which is de-Sitter. But following our new trail, i.e, by
taking into account scalar field evolution effect at the time of horizon crossing, we obtain
P
(2)
T |k=aH =
V0
3π2M4P
�
2− α
−2M−2P
ln f(η
k
)
�
(2.28)
which is certainly not scale invariant. In the standard lore, from our model, the tensor spectral
index (n
T
) and its running (n�
T
) turn out to be identically zero. Following our approach we have
succeeded in obtaining non-trivial expressions for them,
n(2)
T
= − 1
α2M2P
1�
2 [ln f(η
k
)]2 − α−2M−2P ln f(ηk)
� (2.29)
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n�T
(2)
= − 1
α2M2P
4 ln f(η
k
)− α−2M−2P�
2 [ln f(η
k
)]2 − α−2M−2P ln f(ηk)
�2 . (2.30)
Now using Eqns.(2.21, 2.28), for mutated hilltop inflation, the tensor to scalar power spectra
ratio, r, turns out to be
r = 4
�
α2M2Pf(ηk)
2
�−1
. (2.31)
This result is same no matter whether or not we take into account the effect of scalar field
evolution in estimating the spectra at horizon crossing. Using Eqns.(2.29) and (2.31) we derive
the following consistency relation for mutated hilltop model of inflation
r = −8nT
�
1−
√
r
4αMP
�
(2.32)
The spectrum PT|k=aH of tensor perturbation conveniently specified by the tensor fraction r =
PT |k=aH
PR|k=aH yields the relation r = −8nT in the slow-roll approximation [49, 103]. But, Eqn.(2.32)
shows that when the explicit effect of the scalar field evolution is taken into account in evaluat-
ing the observable parameters at horizon exit we obtain a consistency relation which is slightly
modified. Of course, there exist in the literature other ways of obtaining a modified consistency
relation. Such a modified consistency relation can be found in any analysis where higher order
terms in the expansion of slow-roll parameters are taken into account [104]. The consistency
relation is also modified in the context of brane inflation [105, 106] and non-standard mod-
els of inflation [107] where generalized propagation speed (less than one) of the scalar field
fluctuations relative to the homogeneous background have been considered. Further, deviation
from the usual consistency relation can be found in [131] where tensor to scalar ratio has been
shown to be a function of tensor spectral index, scalar spectral index and running of the tensor
spectral index. Our intention here is to show that these results reflect in our analysis by taking
into account the evolution of the scalar field directly in the analytical evaluations.
2.4.3 QUANTITATIVE ESTIMATION
In Table 2.2 we have estimated the observable parameters directly from the theory of fluctu-
ations for three different values of α.
α a
I
V
1/4
0 ηk P
1/2
R ns r
M−1P 10
25M−1P 10
15GeV 10−5 10−4
2.9 6.7091 3.4104 216.649 3.7762 0.9609 1.8176
3.0 6.6492 3.4104 216.649 3.9059 0.9609 1.6990
3.1 6.5945 3.4104 216.649 4.0377 0.9609 1.5917
TAB. 2.2: Table for the observable quantities as obtained from the theory of fluctuations. To evaluate the
parameters at the time of horizon crossing we have applied our newly developed technique.
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For the above estimation, we have taken the following representative values for the quantities
involved1 (for N = 60): V 1/40 = 1.4× 10−3 MP , tE � 3.70028× 1010 M−1P , tI � 3.69493× 1010 M−1P
and a
I
� 1.85184 × 10−1 M−1P . Also, we have assumed that the cosmological scales leave the
horizon during first 10 e-foldings to get, d � 3.70038 × 1010 M−1P , ηI � −4.77201 × 106 and
η
E
� −4.17816 × 10−20. From the Table 2.2, it is quite clear that the observable parameters
related to perturbations are in tune with the observations.
2.5 MATTER POWER SPECTRUM
So far, we have surveyed fluctuations generated during inflation and evaluated inflationary
observable parameters at the time of horizon crossing from a different perspective. The results
show small corrections compared to that obtained in a standard way. To relate these initial
perturbation seeds with the cosmological observables we now follow their evolutions during
matter domination.
In Chapter 1 we have seen that for adiabatic perturbation the co-moving curvature perturba-
tion, R(k), remains constant in the supper-horizon scales. Therefore taking the limit k|η| → 0
of the Eqn.(2.16) we get supper-Hubble behavior of the co-moving curvature perturbation in mu-
tated hilltop inflation, and for the modes re-entering the horizon during matter dominated era
we have
R|
k=aH=
2
η
� 1MP α
�
V0
3
i√
2k3
ln g(k) (2.33)
where g(k) ≡ 2a
I
M−1P
�
V0
3
k−1. The fluctuation of the gravitational potential Φ governs the
matter density fluctuation, δm, through the Eqn.(1.106). The relation between Φk and Rk in the
super-Hubble regime during matter domination is given by
Φk ≈ −35Rk. (2.34)
Consequently, we now have at the time of horizon re-entry during matter domination
Φ|k=aH ≈ −35R|k=aH ≈ − 35MP α
�
V0
3
i√
2k3
ln g(k). (2.35)
Therefore, substituting k = aH = 2
η
in Eqn.(1.106) we can determine matter density contrast at
the time of horizon re-entry during matter dominated era and using Eqn.(2.35) corresponding
matter power spectrum turns out to be
Pδm |k=aH ≡
k3
2π2
|δm|2 ≈ 16α
2V0
75π2M2P
g(k)2. (2.36)
In Fig.2.3 we have shown the typical behavior of the dimensionless matter power spectrum as
a function of scale.
1Here we have assumed that the scale factor a has dimension of length so that k and η are dimensionless.
Theoretical and Observational Aspects of Cosmological Inflation 43 c�Barun Kumar Pal
2. MUTATED HILLTOP INFLATION 2.6 TEMPERATURE ANISOTROPIES IN CMB
 1.6
 1.7
 1.8
 1.9
 2
 0  0.2  0.4  0.6  0.8  1
P δ
(k
) X
 1
0-
9
k
Matter Power Spectrum
FIG. 2.3: Variation of the matter power spectrum with the scale.
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FIG. 2.4: Variation of the Sachs-Wolfe spectrum with the multipoles �, for the mutated hilltop inflation
for α = 3 M−1P .
2.6 TEMPERATURE ANISOTROPIES IN CMB
Let us now proceed further with this analytical framework and derive CMB angular power spec-
trum resulting from temperature anisotropies due to scalar curvature perturbations for mutated
hilltop inflation. The dominant contribution to the large scale anisotropy comes from the Sachs-
Wolfe effect [118] and the corresponding spectrum in the sudden decoupling approximation is
roughly given by
Csw� ≈
α2V0
75πM2P
�
ln
�
a
I
M−1P
�
V0
3
2η0
�
��2
1
2�(�+ 1)
, (2.37)
where complete matter domination at LSS together with adiabatic nature of the perturbations
have been assumed. Fig.2.4 shows variation of the Sachs-Wolfe effect with the multipoles �
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in the units of µK2, where we have taken the following representative values for the quantities
involved, V 1/40 = 1.4 × 10−3 MP , α = 3.0 M−1P , aI = 6.6492 × 1025 M−1P and η0 = 7.42438 × 1026.
Fig.2.4 reveals that the Sachs-Wolfe plateau is not exactly flat but slightly tilted towards larger
�. This is not surprising, since the primordial curvature perturbation in this case is not strictly
scale-invariant. However, as of now this is an interesting result which reveals the credentials of
analytical calculations of post-inflationary perturbations from a typical model of inflation from
the very first principle.
In the smaller scales CMB spectrum is dominated by acoustic oscillation of the baryon-photon
fluid. The approximate solution to the acoustic oscillation Eqn.(1.122) is given by Eqn.(1.124).
Now, here we have
Φk = − 3α
5MP
Tk
�
V0
3
i√
2k3
ln g(k) (2.38)
as the small scale solution of gravitational potential for the modes re-entering the horizon during
matter dominated era and Tk is the transfer function associated with them. We also have
Φ0k ≡ −
2α
3MP
�
V0
3
1√
2k3
�
ln
�
a
I
MP−1
�
V0
3
k−1
��
(2.39)
as the initial fluctuation in the gravitational potential, i.e., the gravitational potential for the
modes that re-entered the horizon during radiation dominated era and T 0k is the corresponding
transfer function. The photon velocity perturbation, vγ,k, in this case turns out to be
vγ,k =
3
2
c
S
T 0kΦ
0
k sin(krS). (2.40)
In the small scale regime, CMB angular power spectrum is given by Eqn.(1.130), which can be
further simplified by taking large � limit of the spherical Bessel functions that yields
C� ≈ 2πPΦ0
l2
� ∞
1
dx
x2
√
x2 − 1
�
81
100
R2Tk
2(x)e
− �2x2
�2
f − 9
10
RTk(x)T
0
k (x)e
−1/2 �2x2
�2
f
+�2s cos(ρ�x)
+ 1
4
T 0k
2
(x)e
− �2x2
�2s cos2(ρ�x) + 9
4
c2sT
0
k
2
(x)e
− �2x2
�2s
�
1− �(�+ 1)
�2x2
�
sin2(ρ�x)
�
. (2.41)
The power spectrum, PΦ0 , for Φ0k in the context of inflationary model under consideration has
the following from
PΦ0 ≡ 127π2M2P α
2V0
�
ln
�
a
I
M−1P
�
V0
3
η0
�
��2
. (2.42)
The above results may not be exact, but still qualitative behavior of the associated physical
quantities can be extracted from them very easily. The transfer functions used for the calculations
have been taken from [111, 117] with appropriate modifications, written explicitly, they look
T 0(x) = 1.20 + 0.09 ln
�
IΛ� x
250
√
ΩM
�
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FIG. 2.5: Variation of the CMB angular power spectrum with the multipoles � in the large � limit.
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FIG. 2.6: Variation of the CMB angular power spectrum with the multipoles �, considering Sachs-Wolfe
effect up to � = 30 and only baryon acoustic oscillations for the rest.
T (x) = 0.52− 0.21 ln
�
IΛ� x
250
√
ΩM
�
, with IΛ ≡ 3
�
ΩDE
ΩM
� 1
6
�� sinh−1√ΩDE/ΩM
0
dx
(sinh x)2/3
�−1
,
where the late time effect due to dark energy has been incorporated via IΛ. The integral is
evaluated with the following set of numerical values for the involved parameters: h = 0.71,ΩB =
0.0449,ΩM = 0.2669,ΩDE = 0.734,Ωγh
2 = 2.48× 10−5, zls = 1090, zeq = 3300, Rls = 0.627405, σ =
2.23245× 10−2, �f = 1617, �s = 1254, ρ = 0.0112647, η0 = 7.42438× 1026.
In Fig.2.5 we have plotted the variation of temperature anisotropy spectrum with the
multipoles for � ≥ 200 which depicts true characteristics of baryon acoustic oscillation in CMB.
In Fig.2.6, resulting from our analysis, we see the first and the most prominent peak of
acoustic oscillation arises at � ∼ 241 and at a height of ∼ 5900µK2. The first peak is followed
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by two nearly equal height peaks at � ∼ 533 and ∼ 791. After the third peak there is a damping
tail in the oscillation with successive peaks with lower heights. This happens due to taking into
account Silk damping effect in our analysis, which is also consistent with CMB observations. So
mutated hilltop inflation conforms well with the recent observations.
2.7 CHAPTER SUMMARY
In this Chapter we have discussed a variant of hilltop inflation models – the mutated hilltop
inflation, driven by a hyperbolic potential for the scalar field. To this end, we have derived
the expressions for the scalar field, the scale factor, the number of e-foldings from our model.
The inflationary observables have been estimated at the time of horizon crossing during infla-
tion following a non-standard trail by taking into account the effect of scalar field evolution,
which results in a modified consistency relation. The results have then been subjected to ob-
servational tests by finding out the values of observable quantities. We have studied quantum
fluctuations and corresponding classical perturbations as well as allied observational aspects
by a semi-analytical treatment, based on mutated hilltop inflation. The analytical expressions
for most of the observable parameters have also been found. An approximated expression for
the fluctuations in the gravitational fluctuations has been successfully obtained using relativistic
perturbations. We have also obtained an expression for the scale dependent matter power spec-
trum. We have explicitly shown that the Sachs-Wolfe plateau is not strictly flat but slightly tilted
towards the larger multipoles for mutated hilltop inflation. Moreover, we have also studied the
baryon acoustic oscillation based on our model analytically, which reduces numerical complica-
tions to a great extent and at the same time provides physical insight of the scenario. Finally,
we have employed certain simplistic numerical techniques and found that the positions of the
acoustic peaks conform well within the estimated values of different cosmological parameters.
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CHAPTER
3
Quantum States of Inflationary Perturbations & The
Berry Phase
This Chapter is based on our following work:
1. Barun Kumar Pal, Supratik Pal and B. Basu, The Berry phase in inflationary cosmology , CQG 30, 125002 (2013).
3.1 INTRODUCTION
The Berry phase, is a phase acquired over the course of a cycle when the system is subjected to
cyclic adiabatic process, which results from the geometrical properties of the parameter space
of the Hamiltonian. The phenomenon was first discovered in 1956 which is known as Pan-
charatnam phase [132], and rediscovered in 1984 by Berry [99]. Although, the geometric phase
[133] was known long ago a la Aharonov-Bohm effect [134], the general context of a quantum-
mechanical state developing adiabatically in time under a slowly varying parameter dependent
Hamiltonian has been analyzed by Berry [99], who argued that when the parameters return
adiabatically to their initial values after traversing a closed path, the wave-function acquires a
geometric phase factor depending on the path, in addition to the well-known dynamical phase
factor. Since its inception the Berry phase has been the subject of a variety of theoretical and
experimental investigations [133]. Some analyses have been made to study this phase in the
area of cosmology and gravitation also [135, 136]. Investigations were also made to study the
behavior of a scalar particle in a class of stationary space-time backgrounds and the emergence
of the Berry phase in dynamics of a particle in the presence of a rotating cosmic string [137].
The gravitational analogue of the Aharonov-Bohm effect in the spinning cosmic string space-
time background was also obtained [138]. Within a typical framework of cosmological model
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the Berry phase has been shown to be associated with the decay width of the state in case of
some well known examples of vacuum instability [139].
Among other motivations, the inflationary scenario [1] is successful to a great extent in
explaining the origin of cosmological perturbation seeds [93]. The accelerated expansion con-
verts the initial vacuum quantum fluctuations into macroscopic cosmological perturbations. So,
measurement of any quantum property which reflects on classical observables serve as a sup-
plementary probe of inflationary cosmology, complementing the well-known CMB polarization
measurements [4, 5]. Though this is an important issue, we notice that there has been very little
study in the literature which deals with proposing measurable quantities which may measure
the genuine quantum property of the seeds of classical cosmological perturbations. The only
proposition that has drawn our attention is via violation of the Bell’s inequality [140]. This has
led us to investigate for the potentiality of the Berry phase in providing a measurable quantum
property which is inherent in the macroscopic character of classical cosmological perturbations.
In this chapter we shall see that, for slow-roll inflation, the total accumulated phase gained
by each mode during sub-Hubble oscillations (in the adiabatic limit) is a new parameter made
of corresponding (scalar and tensor) spectral indices. So in principle, measurement of the Berry
phase of the quantum cosmological perturbations provides us an indirect route for estimating
spectral indices and other observable parameters therefrom. Further, since tensor spectral index
is related to the tensor to scalar amplitude ratio through the consistency relation, the Berry phase
may be utilized to act as a supplementary probe of inflationary cosmology. This is precisely
where our goal lies in this chapter.
3.2 PRELIMINARIES
Before going into the details, we shall first derive mathematical expression for the Berry phase
and discuss briefly about the Lewis-Riesenfeld invariant formulation [121] which will be em-
ployed in our subsequent analyses. Then we shall deduce the Berry phase associated with a
generalized time dependent harmonic oscillator. From now on we shall use the terms ‘geometric
phase’ and the ‘Berry phase’ interchangeably.
3.2.1 BERRY PHASE: DEFINITION
Let’s consider a Hamiltonian H(R) that depends on R1, R2, ... Rn – components of a vector R.
We assume thatH(R) has at least one discrete non-degenerate eigenvalue Ei(R) associated with
the eigenstate |Ψi(R)�. Now if R varies with time, then |Ψi(R)� is not an exact solution of the
following time dependent Schro¨dinger equation
Hˆ|Ψ� = i ∂
∂η
|Ψ�. (3.1)
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But if R changes slowly, then the system adjusts itself with the changing Hamiltonian, instead
of jumping to another eigenstate. Let R(η/Γ) evolves over a time interval 0 ≤ η ≤ Γ, larger
the value of Γ slower is the evolution. If at a time η = 0 the system is in the state |Ψi[R(0)]�,
then at time η = Γ the state will be eiφi(Γ)|Ψi[R(1)]� with probability approaching 1 as Γ → ∞
according to quantum adiabatic theorem [141]. The phase φi(η) is obtained from the Schro¨dinger
Eqn.(3.1),
Hˆ(R)eiφi(η)|Ψ(R)� = i ∂
∂η
eiφi(η)|Ψ(R)�. (3.2)
Now multiplying both sides of Eqn.(3.2) by e−iφi(η)�Ψ(R)| and using Hˆ|Ψi� = Ei|Ψi� we obtain
∂φi
∂η
= −Ei(R) + i�Ψi(R)| ∂∂η |Ψi(R)�. (3.3)
So the integration between η = 0 to η = Γ yields
φi(Γ)− φi(0) = −
� Γ
0
Ei(R)dη + i
� Γ
0
�Ψi(R)| ∂∂η |Ψi(R)�dη. (3.4)
The first term on the r.h.s. of Eqn.(3.4) is the usual dynamical phase and the second term is
known as the geometric phase or most commonly the Berry phase.
3.2.2 LEWIS-RIESENFELD INVARIANT OPERATOR TECHNIQUE
Over the past few decades the Lewis-Riesenfeld invariant formulation [121] has become an ef-
fective tool in the treatment of time dependent quantum systems. In this formulation, we first
look for a nontrivial Hermitian operator I(η) satisfying the Liouville von-Neumann equation
dI
dη
= −i [I, H] + ∂I
∂η
= 0, (3.5)
whereH is the Hamiltonian of the system. Let’s assume that there exists an operator I satisfying
Eqn.(3.5) which does not contain time differentiation. Then the solutions of the Schro¨dinger
Eqn.(3.1) can be written in the following form [142]
Ψn = e
iαn(η)Θn, n = 0, 1, 2... (3.6)
where Θn are the eigenfunctions of I and αn are called Lewis phases. The Lewis phase is calcu-
lated from its definition [121, 123, 142] which is
dαn
dη
=
�
Θn
����i ∂∂η −H
����Θn� . (3.7)
Therefore, given any system we can find the associated Schro¨dinger wave-function using the
Lewis-Riesenfeld invariant operator formulation.
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3.2.3 TIME DEPENDENT HARMONIC OSCILLATOR AND THE BERRY PHASE
We now apply dynamical invariant operator technique to a time dependent harmonic oscillator in
order to calculate the corresponding Berry phase. The Hamiltonian describing a generalized time
dependent harmonic oscillator has the following form
H = 1
2
�
X(η)q2 + Y (η) (pq + qp) + Z(η)p2
�
(3.8)
where q and p are position and momentum operators satisfying usual commutation relation
[p, q] = i and X, Y, Z are time dependent parameters. The above Hamiltonian describes a
harmonic oscillator with frequency ω ≡ (XZ − Y 2)12 , provided XZ − Y 2 > 0. The above system
(3.8) possesses a well known dynamical invariant [143] given by
I = 1
2
�
q2
r2
+
�
r
�
p+
Y
Z
q
�
− r
�
Z
q
�2�
(3.9)
where r ≡ Z1/2ρ and ρ satisfies the following Milne-Pinney equation,
ρ�� + Ω2ρ = ρ−3, with Ω2 ≡ ω2 + 1
2
Z��
Z
− 3
4
�
Z�
Z
�2 − Z �Y
Z
��
. (3.10)
The matrix elements necessary to calculate the Lewis phase are given by [142]
�Θn |∂/∂η|Θn� = i2
�
n+ 1
2
� �
ρρ�� − ρ�2
�
(3.11)
�Θn |H|Θn� = 12
�
n+ 1
2
� �
ρ�2 + Ω2ρ2 − ρ−2
�
. (3.12)
So, from Eqn.(3.7) we can immediately calculate the Lewis phases, written explicitly, they look
αn = −
�
n+ 1
2
� � dη
ρ(η)2
. (3.13)
Once Lewis phase is known, we can straightway write down solutions of the Schro¨dinger equa-
tion. Therefore, Lewis-Riesenfeld technique provides an elegant way to solve time dependent
systems in a very simple manner.
Now if we assume the invariant operator I is Γ periodic and its eigenvalues are non-degenerate,
then the Berry phase associated with the system (3.8) turns out to be
γn ≡ i
� Γ
0
�
Θn
���� ∂∂η
����Θn� dη = −12 �n+ 12� � Γ
0
�
ρ−2k − ρ2kΩ2 − ρ�
2
k
�
dη. (3.14)
In the following we shall use the result (3.14) to derive a cosmological analogue of the Berry
phase in the context of inflationary cosmological perturbations.
3.3 LINEAR COSMOLOGICAL PERTURBATIONS
The quantum fluctuations in the inflaton field are realized by Mukhanov-Sasaki Eqn.(1.66)
which is analogous to a time dependent harmonic oscillator. The associated physical mechanism
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for cosmological perturbations can be reduced to the quantization of a parametric oscillator
leading to particle creation due to interaction with the gravitational field and may be termed
as cosmological Schwinger effect [144]. The relation between the Berry phase and its classical
analogue, the Hannay angle [145], has been studied for the generalized time dependent har-
monic oscillator [146, 147]. Naturally, one may expect to derive the cosmological analogue of
the Berry phase in the context of inflationary perturbations and search for possible consequences
via observable parameters. To this end, we first derive an exact wave-function for the system
of inflationary cosmological perturbations by solving the associated Schro¨dinger equation. The
relation [143, 148] between the dynamical invariant [121, 122, 123, 142] and the geometric
phase will then be utilized to derive the corresponding Berry phase.
The Hamiltonian corresponding to the scalar part of the action (1.69) is given by Eqn.(1.75).
Now promoting the fields to the operator and taking Fourier transformation we obtain
Hˆvk =
1
2
�
πˆ2vk,1 +
�
k2 − z
��
z
�
vˆ2k,1
�
+ 1
2
�
πˆ2vk,2 +
�
k2 − z
��
z
�
vˆ2k,2
�
≡ Hˆvk,1 + Hˆvk,2, (3.15)
where we have decomposed vˆk ≡ vˆk,1+i vˆk,2 and πˆvk ≡ πˆvk,1+i πˆvk,2 into their real and imaginary
parts. Similarly, the Hamiltonian corresponding to the tensorial part of the action (1.69) is
Hˆuk =
1
2
�
πˆ2uk,1 +
�
k2 − a
��
a
�
uˆ2k,1
�
+ 1
2
�
πˆ2uk,2 +
�
k2 − a
��
a
�
uˆ2k,2
�
≡ Hˆuk,1 + Hˆuk,2, (3.16)
where we have decomposed vˆk ≡ uˆk,1 + i uˆk,2 and πˆuk ≡ πˆuk,1 + i πˆuk,2 into their real and
imaginary parts.
Thus, for both the scalar and tensor perturbations, Hamiltonians are sum of two time depen-
dent harmonic oscillators, each of them having the following form
Hˆjk =
1
2
�
pˆ2jk + ω
2qˆ2jk
�
, j = 1, 2 (3.17)
where qˆjk ≡ vˆk,j, uˆk,j; pˆjk ≡ πˆvk,j, πˆuk,j; j = 1, 2 and ω =
�
k2 − z��
z
,
�
k2 − a��
a
for scalar and
tensor respectively. It should be noted that for complete solution of the Schro¨dinger Eqn.(3.1)
for the Hamiltonian (3.17) we have to deal with two situations:
1. k2 > z
��
z
, a
��
a
where ω is real, which corresponds to the sub-Hubble modes and
2. k2 < z
��
z
, a
��
a
which corresponds to super-Hubble modes having imaginary frequency.
For the later case, the Hamiltonian can be re-written as
Hˆjk =
1
2
�
pˆ2jk − ω2I qˆ2jk
�
(3.18)
which represents an inverted harmonic oscillator with time dependent frequency given by
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iωI = i
�
z��
z
− k2, i
�
a��
a
− k2 for scalar and tensor respectively. Though in further derivations we
will not be concerned with the super-Hubble modes, but at this stage we are ready to provide
the solutions for the whole spectrum.
We find the solution to the Schro¨dinger equation for the Hamiltonians (3.17) and (3.18)
using the Lewis-Riesenfeld invariant formulation [142]. To be precise, we want to analyze the
situation by solving the associated Schro¨dinger equation
HˆkΨ ≡ (Hˆ1k + Hˆ2k)Ψ = i ∂
∂η
Ψ, (3.19)
were Hk ≡ H1k + H2k. We shall solve the Schro¨dinger equation in two different regimes –
sub-Hubble and super-Hubble.
3.3.1 SUB-HUBBLE MODES
The associated Hamiltonian for the sub-Hubble modes is given by (3.17). Following the usual
path [121, 123, 142, 146] we obtain
Ik =
1
2
�
q21k
ρ2k
+ (ρkp1k − ρ�kq1k)2
�
+ 1
2
�
q22k
ρ2k
+ (ρkp2k − ρ�kq2k)2
�
≡ I1 + I2 (3.20)
where ρk is a time dependent real function satisfying the following Milne-Pinney equation
ρk
�� + ω2(η, k)ρk = ρk−3. (3.21)
In order to solve the Schro¨dinger Eqn.(3.19), we also need the eigenstates of the operator Ik
governed by the eigenvalue equation
IkΘn1,n2 (q1k, q2k, η) = λn1,n2Θn1,n2 (q1k, q2k, η) , (3.22)
which turns out to be [136]
Θn1,n2 =
H¯n1
�
q1k
ρk
�
H¯n2
�
q2k
ρk
�
4
�
π222(n1+n2)(n1!n2!)2ρ4k
× exp
�
i
2
�
ρ
�
k
ρk
+
i
ρ2k
��
q21k + q
2
2k
��
(3.23)
where H¯n are the Hermite polynomials of order n and the associated eigenvalues are
λn1,n2 =
�
n1 +
1
2
�
+
�
n2 +
1
2
�
. (3.24)
The Lewis phase can be found from its definition (3.7), which in this case turns out to be
αn1,n2 = − (n1 + n2 + 1)
�
dη
ρ2k
(3.25)
So, eigenstates of the Hamiltonian (3.17) are now completely known and are given by
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Ψn1,n2 =
eiαn1,n2 (η)H¯n1
�
q1k
ρk
�
H¯n2
�
q2k
ρk
�
4
�
π222(n1+n2)(n1!n2!)2ρ4k
× exp
�
i
2
�
ρ
�
k
ρk
+
i
ρ2k
��
q21k + q
2
2k
��
. (3.26)
Eqn.(3.26) represents the wave-function for the sub-Hubblemodes of the inflationary cosmolog-
ical perturbations .
3.3.2 SUPER-HUBBLE MODES
The super-Hubble evolution of the perturbation modes are governed by the Hamiltonian (3.18),
which is nothing but time dependent inverted harmonic oscillator. The time dependent inverted
harmonic oscillator is exactly solvable just like the standard time dependent harmonic oscillator.
However, the physics of the time dependent inverted oscillator is very different [149, 150, 151],
it has a wholly continuous energy spectrum varying from minus to plus infinity; its energy
eigenstates are no longer square-integrable and they are doubly degenerate with respect to
either the incident direction or, alternatively, the parity.
In this case the invariant operator can be worked out in a similar way as before which for
the system under consideration turns out to be [150],
Ik =
1
2
�
−q
2
1k
ρ2k
+ (ρkp1k − ρ�kq1k)2
�
+ 1
2
�
−q
2
2k
ρ2k
+ (ρkp2k − ρ�kq2k)2
�
≡ I1 + I2 (3.27)
where ρk now satisfies following auxiliary equation
ρk
�� − ω2I (η, k)ρk = −ρk−3. (3.28)
The eigenstates of the operator Ik is governed by the eigenvalue equation
IkΘλ1,λ2 (q1k, q2k, η) = λλ1,λ2Θλ1,λ2 (q1k, q2k, η) . (3.29)
Following the steps as in [150, 151], the eigenstates of the operator Ik turns out to be
Θλ1,λ2 =
1
ρk
exp
�
i
2
ρ
�
k
ρk
�
q21k + q
2
2k
��×Wλ1
�√
2q1k
ρk
, λ1
�
Wλ2
�√
2q2k
ρk
, λ2
�
(3.30)
where Wλ1 and Wλ2 are parabolic cylinder or Weber functions. Consequently, the solution to the
Schro¨dinger equation (3.19) for the Hamiltonian (3.18) is now completely known –
Ψλ1,λ2 = e
iαλ1,λ2Θλ1,λ2 , with αλ1,λ2 = − (λ1 + λ2)
�
dη
ρ2k
. (3.31)
Thus, we have now calculated the wave-functions for both the sub-Hubble and super-Hubble
evolutions of the cosmological perturbation modes generated during inflation.
In order to quantify the fluctuations produced during inflation, the theory of general rel-
ativistic perturbations has to be employed. However, in practice the field equations cannot
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be solved with their full generalities, some approximations has to be made. The linear or-
der approximation to the cosmological perturbation has been developed to a high degree of
sophistication during the last few decades [91, 93]. Although, there are discussions on the devi-
ation from the first order approximation from the observation [152] and theoretical approaches
[87, 88, 98, 153, 154] through the non-Gaussianity, non-adiabaticity and so on. But, at a first go
linear order perturbation theory has remained as the primary tool for investigating the behavior
of the fluctuations produced during inflation. The developments in the observations were also
supported by the theoretical sophistication of the linear order cosmological perturbation theory.
At this juncture we also remind that our objective here is to see whether a link can be estab-
lished between the quantum property of the seeds of classical cosmological perturbations and
inflationary observables through the derivation of the associated Berry phase, for which consid-
eration of the sub-Hubble modes are appropriate. Keeping all these points under consideration,
we concentrate on the evolution of the sub-Hubble perturbation modes within the framework of
linearized perturbation theory.
3.4 BERRY PHASE FOR THE SUB-HUBBLE MODES
In order to calculate the Berry phase for the sub-Hubble modes we shall first make use of the
following identities
z��
z
v2 =
�
z�
z
�2
v2 − 2z
�
z
vv� +
�
z�
z
v2
��
,
a��
a
u2 =
�
a�
a
�2
u2 − 2a
�
a
uu� +
�
a�
a
u2
��
. (3.32)
Then the action (1.69), for the scalar perturbation only, can be expressed as [155]
SS = 1
2
�
dηdx
�
v�2 − δij∂iv∂jv − 2
�
z�
z
�2
vv� +
z�
z
v2
�
(3.33)
which we find more convenient to work with. The Hamiltonian associated with the above action
turns out to be
HS = 1
2
�
d3x
�
π2v + δ
ij∂iv∂jv + 2
z�
z
vπv
�
(3.34)
where now πv = v�− z�z v. Promoting the fields to operators and taking the Fourier decomposition
we find the Hamiltonian density operator corresponding to the action (3.33):
HˆSk =
1
2
�
πˆ2vk,1 +
z�
z
(πˆvk,1vˆk,1 + vˆk,1πˆk,1) + k
2vˆ2k,1
�
+ 1
2
�
πˆ2vk,2 +
z�
z
(πˆvk,2vˆk,2 + vˆk,2πˆk,2) + k
2vˆ2k,2
�
≡ HˆSk,1 + HˆSk,1. (3.35)
Similarly, the Hamiltonian operator corresponding to tensor perturbations is found to be
Theoretical and Observational Aspects of Cosmological Inflation 55 c�Barun Kumar Pal
3. BERRY PHASE IN INFLATIONARY COSMOLOGY 3.4 BERRY PHASE FOR THE SUB-HUBBLE MODES
HˆTk =
1
2
�
πˆ2uk,1 +
a�
a
(πˆuk,1uˆk,1 + uˆk,1πˆk,1) + k
2uˆ2k,1
�
+ 1
2
�
πˆ2uk,2 +
a�
a
(πˆuk,2uˆk,2 + uˆk,2πˆk,2) + k
2uˆ2k,2
�
≡ HˆTk,1 + HˆTk,1. (3.36)
In compact notation, general form of the Hamiltonians can be written as a sum of two gen-
eralized time dependent harmonic oscillators as
Hˆk,j =
1
2
�
k2qˆ2jk + Y (η) (pˆjkqˆjk + qˆjkpˆjk) + pˆ
2
jk
�
(3.37)
where qˆjk = vˆk,j, uˆk,j; pˆjk = πˆvk,j, πˆuk,j and Y =
z�
z
, a
�
a
for the scalar and tensor modes respec-
tively with the frequency given by ω =
√
k2 − Y 2 and j = 1, 2.
Following the usual trail as given in [121, 123, 142] we find
Ik =
1
2
�
q21k
ρ2k
+ {ρk [p1k + Y q1k]− ρ�kq1k}2
�
+ 1
2
�
q22k
ρ2k
+ {ρk [p2k + Y q2k]− ρ�kq2k}2
�
= I1 + I2 (3.38)
where ρk now satisfies the following equation
ρk
�� + Ω2(η, k)ρk = ρk−3, with Ω2 = ω2 − dYdη . (3.39)
The eigenstates of the operator Ik turn out to be
Θn1,n2 =
H¯n1
�
q1k
ρk
�
H¯n2
�
q2k
ρk
�
4
�
π222(n1+n2)(n1!n2!)2ρ4k
× exp
�
i
2
�
ρ
�
k
ρk
− Y (η) + i
ρ2k
��
q21k + q
2
2k
��
(3.40)
So the eigenstates of the Hamiltonian are now given by
Ψn1,n2 = e
iαn1,n2 (η)Θn1,n2 (3.41)
where the Lewis phase is given by: αn1,n2 = − (n1 + n2 + 1)
�
dη/ρ2k. The phase αn1,n2(η) is
the combination of the dynamical phase and the geometric phase which is very clear from the
Eqn.(3.7). Once the Lewis phase is known, we can utilize it to derive the geometric phase as-
sociated with the system corresponding to the particle creation through the vacuum quantum
fluctuations during inflation.
But before proceeding in this direction, we would like to present the general wave-function
for the vacuum state of the inflationary cosmological perturbations. To this end, let us consider
the parametric harmonic oscillator’s Hamiltonian
HˆSk =
1
2
�
πˆ2vk +
z�
z
(πˆkvˆk + vˆkπˆvk) + k
2vˆ2k
�
(3.42)
which refers to (3.35) and can be solved analytically for the vacuum. By the following similarity
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transformation ˆ˜Hk ≡ AH˜kA−1 with A = e−i z
�
2z
v2k, the Hamiltonian (3.42) can be reduced to the
following form
H˜Sk =
1
2
�
πˆ2vk +
�
k2 − z
�2
z2
�
vˆ2k
�
. (3.43)
The wave-function for the Hamiltonian (3.43) is well known and has the form [144, 156]
Ψ˜k = Nke
−Ωkv2k , where |Nk| =
�
2ReΩk
π
�1/4
, Ωk = − i
2
f �k
fk
with f ��k +
�
k2 − z
�2
z2
�
fk = 0. (3.44)
For the vacuum state we know
fk =
1√
2k
eikη (3.45)
which provides us
Ψ˜k =
�
k
π
�1/4
e−
k
2
v2k . (3.46)
Hence the vacuum state wave-function for the inflationary cosmological scalar perturbations
turns out to be
ΨSk =
�
k
π
�1/2
e
−
�
i z
�
z
+k
�
(v2k,1+v2k,2). (3.47)
Similarly, we can write the vacuum state wave-function for the tensor perturbation as
ΨTk =
�
k
π
�1/2
e
−
�
i z
�
z
+k
�
(u2k,1+u2k,2). (3.48)
The phase part, which is the combination of the dynamical phase and the geometric phase of the
wave-function is now explicit but it is not easy to separate out the geometric phase from those
expressions. But, in our present framework this can be done using the results already derived,
which is what we do in the following.
Now, assuming the invariant Ik(η) is Γ periodic and its eigenvalues are non-degenerate, from
Eqns.(3.40) and (3.25) we obtain the following relation for the Berry phase
γn1,n2,k ≡ i
� Γ
0
�
Θn1,n2
���� ∂∂η
����Θn1,n2� dη
= −1
2
(n1 + n2 + 1)
� Γ
0
�
1
ρ2k
− ρ2kω2 − (ρ�k)2
�
dη. (3.49)
To get a deeper physical insight the quantitative estimation of the Berry phase is very important.
Eqn.(3.49) tells us that for this estimation, the knowledge of ρk is essential but the solution of
Eqn.(3.21) is very difficult to obtain. Another point to be carefully handled is to set the value of
the parameter Γ. Keeping all these in mind and considering compatible physical conditions we
proceed as follows.
First we note that in the adiabatic limit (which is quite justified for sub-Hubble modes)
Eqn.(3.39) can be solved [121] by a series of powers in adiabatic parameter, δ (� 1). To this
end, we define a slowly varying time variable as τ = δη and write the solution to Milne-Pinney
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Eqn.(3.39) as
ρk = ρ0 + δρ1 + δ
2ρ2 + ... (3.50)
Inserting this expansion into the Milne-Pinney equation we get
δ2ρ0ρ¨0 + ρ
2
0
�
1 + 2δρ0ρ1 + δ
2ρ21 + 2δ
2ρ0ρ2
� �
ω2 − δY˙
�
=
1
ρ20 + 2δρ0ρ1 + δ
2ρ21 + 2δ
2ρ0ρ2
+O(δ3). (3.51)
Here dot represents derivative w.r.t. new time variable τ . Collecting the zeroth order terms from
both sides we obtain ρ20 = ω
− 1
2 . Now the integrand of Eqn.(3.49) can be rewritten as
1
ρ2k
− ρ2kω2 − (ρ�k)2 = ρkρ��k − (ρ�k)2 − ρ2kY � � δρ20Y˙ + δ2
�
ρ0ρ¨0 − ρ˙2 − 2ρ0ρ1Y˙
�
+O(δ3)
= δω−
1
2 Y˙ +O(δ2) (3.52)
Thus for the ground state of the system, in the adiabatic limit, the Berry phase for a particular
perturbation mode can be evaluated up to the first order in δ, which is given by
γ
(S, T )
k = −12
� Γ
0
δY˙√
k2 − Y 2dη = −
1
2
� Γ
0
Y �√
k2 − Y 2dη (3.53)
where the superscripts S and T stand for scalar and tensor modes respectively. One may note
that our result (3.53) coincides with that of Berry [157].
Our next task is to fix the value of the parameter Γ. To this end we shall calculate the total
Berry phase accumulated by each mode during sub-Hubble evolution in the inflationary era. For
the ground state of the system this turns out to be
γS,Tk sub = −12 limη�→−∞
� ηS,T0
η�
Y �√
k2 − Y 2dη (3.54)
where ηS,T0 is the conformal time which satisfies the relation k
2 =
�
Y (ηS,T0 )
�2
so that the modes
are within the horizon and oscillating with real frequencies. A non-zero value of the parameter
γS,Tk sub will ensure that there are some nontrivial effects of the curved space-time background
on the evolution of the quantum fluctuations and may play an important role in the growth of
inflationary cosmological perturbations.
3.5 BERRY PHASE AND THE COSMOLOGICAL PARAMETERS
The most fascinating part of our analysis is that, we can set up a direct link between this cos-
mological analogue of the Berry phase and the cosmological observables. From now on we shall
drop the subscript ‘sub’ keeping in mind that the calculations are for sub-horizon modes only.
Now, If we neglect the time variation in slow-roll parameters then Eqn.(3.54) can be inte-
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grated analytically. Then the accumulated Berry phase during sub-Hubble evolution of the scalar
modes, in terms of the slow-roll parameters, turns out to be
γSk =
1
2
lim
η�→−∞
� −√1+6�V −2ηV
k
η�
z
��
z
−
�
z
�
z
�2
����k2−� z�
z
�2dη
= 1
2
lim
η�→−∞
� −√1+6�V −2ηV
k
η�
η−2(1+3�V −ηV )�
k2−η−2(1+6�V −2ηV )
dη +O(�2
V
, η2
V
, �
V
η
V
)
≈ −π
4
1 + 3�
V
− η
V√
1 + 6�
V
− 2η
V
. (3.55)
For brevity, we have restricted our analysis up to the first order in slow-roll parameters and
neglected time variations of �
V
, η
V
defined in Eqn.(1.19). Similarly, for the tensor modes we
have
γTk =
1
2
lim
η�→−∞
� −√1+2�V
k
η�
a
��
a
−
�
a
�
a
�2
����k2−�a�
a
�2dη
= 1
2
lim
η�→−∞
� −√1+2�V
k
η�
η−2(1+�V )�
k2−η−2(1+2�V )
dη +O(�2
V
, η2
V
, �
V
η
V
)
≈ −π
4
1 + �
V√
1 + 2�
V
. (3.56)
Here also we have neglected any time variation in the slow-roll parameters, �
V
, η
V
, and restricted
our analysis up to the first order in them. For the estimation of γS,Tk , the slow-roll parameters
are to be evaluated at the start of inflation. But during inflation the slow-roll parameters do
not evolve significantly from their initial values for first few e-folds, which is relevant for the
present day observable modes as they are supposed to leave the horizon during first 10 e-folds.
So, in the above estimates for γS,Tk we can consider �V and ηV as their values at horizon crossing
without committing any substantial error.
We are now in a position to relate this phase with the observable parameters. At the horizon
exit the fundamental observables can be expressed in terms of slow-roll parameters (up to the
first order in �
V
, η
V
) as in Eqns.(1.92, 1.93, 1.95, 1.96) [9, 49, 104]. Consequently, the accu-
mulated Berry phase associated with the sub-Hubble oscillations of the scalar fluctuations during
inflation can be expressed in terms of the observable parameters (and vice versa) as follows
γSk ≈ −
π
8
3− n
S
(k)�
2− n
S
(k)
⇐⇒ n
S
(k) ≈ 3− 8γ
S
k
π
�
4γSk
π
−
�
16[γSk ]
2
π2
− 1
�
. (3.57)
Therefore accumulated Berry phase for the scalar modes is related to the scalar spectral index.
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From the above relation it is also very clear how the Berry phase is related to the cosmological
curvature perturbations. For the tensor modes using (3.56) the corresponding expressions turn
out to be
γTk ≈ −
π
8
2− n
T
(k)�
1− n
T
(k)
⇐⇒ n
T
(k) ≈ 2− 8γ
T
k
π
�
4γTk
π
−
�
16[γTk ]
2
π2
− 1
�
. (3.58)
Eqns.(3.57) and (3.58) reveal that the Berry phases due to scalar and tensor modes basically
correspond to new parameters made of corresponding spectral indices. Here we note that the
relations (3.57), (3.58) are not exact in general but they are in the linearized theory of cosmo-
logical perturbation. Had we taken into account the second and higher order contributions of
the cosmological fluctuations the relations (3.57), (3.58) would have been different.
Further, the accumulated Berry phase associated with the total gravitational fluctuations (a
sum-total of γSk and γ
T
k ) can be expressed in terms of the other observable parameter as well,
giving
γk ≡ γSk + γTk ≈ −
π
8
�
3− n
S
(k)�
2− n
S
(k)
+
2 + r
8�
1 + r
8
�
≈ −π
8
 3− nS(k)�
2− n
S
(k)
+
2 + V
12π2M4PPR�
1 + V
12π2M4PPR
 .
Therefore the accumulated Berry phase for sub-Hubble oscillations of the perturbation modes
during inflation can be completely envisioned through the observable parameters. We also see
that the total Berry phase of a single mode can be characterized by the curvature perturbation.
The estimation of the Berry phase gives a deeper physical insight of the quantum property of
the inflationary perturbation modes. As a result, at least in principle, we can claim that mea-
surement of the Berry phase can serve as a probe of quantum properties reflected on classical
observables.
3.6 PHYSICAL SIGNIFICANCE
The physical implication of the Berry phase in cosmology is already transparent from our above
analyses. In a nutshell, the classical cosmological perturbation modes (both scalar and tensor)
having quantum origin picks up a phase during their advancement through the curved space-
time background that depends entirely on the background geometry and may be, at least in
principle, estimated quantitatively by measuring the corresponding spectral indices. So the
Berry phase for the quantum counterpart of the classical cosmological perturbations endows
us the measure of spectral index. Also, the existing literature suggests that there may be an
intriguing direct link of the cosmological Berry phase with the CMB. The interpretation of the
Wigner rotation matrix as the Berry phase [158] has already been elaborated by the proposal of
an optical demonstration [159]. On the other-hand, Wigner rotation matrix can be represented
as a measure of statistical isotropy violation of the temperature fluctuations in CMB [160].
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Though we did not proceed further in this direction.
The current observation from WMAP [5, 47] has put stringent constraint on n
S
(n
S
=
0.9608 ± 0.008) but only an upper bound for r has been reported so far (r < 0.13 at 95% C.L.).
Given this status, any attempt towards the measurement of cosmological Berry phase may thus
reflect observational credentials of this parameter in inflationary cosmology. For example, it is
now well-known that any conclusive comment on the energy scale of inflation provides crucial
information about fundamental physics. However, in CMB polarization experiments, the energy
scale cannot be conclusively determined because there is a confusion between E and B modes in
presence of lensing, which can only be sorted out once r is measured conclusively. But, B mode
polarized state can be contaminated with cosmic strings, primordial magnetic field etc, thereby
making it difficult to measure r conclusively (for a lucid discussion see [161]). So, cosmological
Berry phase may have the potentiality to play some important role in inflationary cosmology,
since it is related to both r and V .
3.7 CHAPTER SUMMARY
In this chapter we have demonstrated how the exact wave function for the quantum cosmolog-
ical perturbations can be analytically obtained by solving the associated Schro¨dinger equation
employing the dynamical invariant technique. This helps us derive an expression for cosmologi-
cal analogue of Berry phase. Finally, we demonstrate how this quantity is related to cosmological
parameters and show the physical significance of the cosmological Berry phase.
So far as the detection of cosmological Berry phase is concerned, we are far away from
quantitative measurements. A possible theoretical aspect of detection [162] of the analogue of
cosmological Berry phase may be developed in squeezed state formalism [155]. In principle,
the Berry phase can be measured from an experiment dealing with phase difference (e.g. in-
terference). Recently, an analogy between phonons in an axially time-dependent ion trap and
quantum fields in an expanding / contracting universe has been derived and corresponding de-
tection scheme for the analogue of cosmological particle creation has been proposed which is
feasible with present-day technology [163]. Besides, there exists [155] a scheme for measuring
the Berry phase in the vibrational degree of freedom of a trapped ion. We hope that these types
of detection schemes may be helpful for the observation of the cosmological analogue of the
Berry phase in laboratory in future.
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CHAPTER
4
Hamilton-Jacobi Formulation: Application to
Quasi-Exponential Inflation
This Chapter is based on our following work:
1. Barun Kumar Pal, Supratik Pal and B. Basu, Confronting quasi-exponential inflation with WMAP seven, JCAP 1204,
009 (2012).
4.1 INTRODUCTION
Present-day cosmology is inflowing into an era where it is becoming more and more possible
to constrain the models of the early universe by precise data coming from highly sophisticated
observational probes like WMAP [5], Planck [4], QUaD [114], ACBAR [115], SPT [164], ACT
[165]. Such observations are gradually leading theoretical cosmology towards the details of
physics at very high energies, and the possibility of testing some of the speculative ideas of
recent years. Inflation – the most fascinating among them – was first proposed back in 1981
by Guth [1]. So far we were mostly employing analytical techniques to explore the pros and
cons of inflationary cosmology. In the present chapter and in the next one, we shall explore the
credentials of numerical cosmology in the context of inflation and CMB.
With the level of precision set by recent observations in measuring various cosmological pa-
rameters, theoretical predictions are no more sufficient to discriminate among different classes
of cosmological models. Of course, one has to rely on analytical framework upto some level but
at the end, employment of highly sophisticated numerical codes, in the context of CMB the likes
of CAMB [124], COSMOMC [166], are indispensable. Before the detection of CMB anisotropies
by COBE [2], cosmological observations had limited range of scales to access, and it was suffi-
Theoretical and Observational Aspects of Cosmological Inflation 62 c�Barun Kumar Pal
4. QUASI-EXPONENTIAL INFLATION 4.2 HAMILTON-JACOBI FORMULATION
cient to predict from an inflationary scenario a scale-invariant spectrum of density perturbations
and a negligible amplitude of gravitational waves. However, since COBE [3] and, of late,WMAP
[5] and Planck [4] came forward, the spectra are now well-constrained over a wide range of
scales ranging from 1 Mpc upto 10,000 Mpc. So the inflationary predictions should now be very
precise to incorporate latest observations, say, fromWMAP seven year run. The recent data from
Planck [4] has put further constraint on the theoretical predictions. The current bound on the
ratio of the tensor to scalar amplitudes, r < 0.11 (95% C.L. ) at k = 0.002Mpc−1, has been set by
Planck [102]. Recently SPT has detected CMB B-mode polarizations produced by gravitational
lensing [167] which may be used as a probe of both structure formation and the inflationary
epoch. So this is high time to confront different class of inflationary models with latest data and
forthcoming predictions.
Following the Hamilton-Jacobi formalism [50, 51] and using a phenomenological Hubble pa-
rameter, here we intend to confront quasi-exponential inflationary models with WMAP–7 data
[5]. The absence of time dependence in the Hubble parameter resulting in de-Sitter inflation
was very appealing from theoretical point of view but its acceptability is more or less limited
considering present day observations. So, certain deviation from an exact exponential inflation
turns out to be a good move so as to go along with latest as well as forthcoming data. In general
these models are called quasi-exponential inflation. Our primary intention here is to confront
this quasi-exponential inflation withWMAP seven using the publicly available code CAMB [124].
In the following, we shall first model the quasi-exponential inflation with a phenomenological
Hubble parameter using Hamilton-Jacobi formalism. The model parameter will then be con-
strained by demanding successful inflation and from the observational ground. Then we shall
use CAMB to get matter power spectrum and CMB angular power spectra for quasi-exponential
inflation. Nevertheless, as it will turn out, the analysis also predicts tensor to scalar ratio of the
order of 10−2 which is in tune with the recent data from Planck.
4.2 HAMILTON-JACOBI FORMULATION
The usual technique used to solve the inflationary dynamical equations is the slow-roll approxi-
mations [42]. But it is not the only possibility for successfully implementing models of inflation
and solutions outside the slow-roll approximations have been found [168]. Rather, considering
the precision level today’s telescopes are probing / will probe in near future, the need to go
beyond slow-roll approximation is slowly but steadily licking in. To incorporate all the models
irrespective of slow-roll approximations, Hamilton-Jacobi formalism [50, 51] has turned out to
be a very useful tool. The formulation is imitative by considering the inflaton field itself to be the
evolution parameter. The key advantage of this formalism is that here we only need the Hubble
parameter H(φ), to be specified rather than the inflaton potential V (φ). Since H is a geometric
quantity, unlike V , inflation is more naturally described in this language [50, 51]. Further, be-
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ing first order in nature, these equations are easily tractable to explore the underlying physics.
OnceH(φ) has been specified, one can, in principle, derive a relation between φ and twhich will
enable him to get hold of H(t) and the scale factor, a(t), therefrom. So, Hamilton-Jacobi formal-
ism provides a straightforward way of exploring inflationary scenario and related observational
aspects.
In order to derive the Hamilton-Jacobi equations in the context of inflation, we first take
derivative of Eqn.(1.14) with respect to t, and substitute it into Eqn.(1.16) to get
2H˙ = − M−2P φ˙2 (4.1)
where an over-dot represents a time derivative. Now dividing both sides of the above equation
by φ˙, we obtain
φ˙ = −2 M2PH �(φ) (4.2)
where a prime denotes derivative with respect to the scalar field φ. Finally substituting back
Eqn.(4.2) into Eqn.(1.14) we get the following first order differential equations [50, 51]
[H �(φ)]2 − 3
2M2P
H(φ)2 = − 1
2M4P
V (φ) (4.3)
φ˙ = −2M2PH �(φ). (4.4)
The above two equations govern the inflationary dynamics in Hamilton-Jacobi formalism. The
shape of the associated potential can be obtained by rearranging the terms of Eqn.(4.3) to give
V (φ) = 3M2PH
2(φ)
�
1− 1
3
�
2 M2P
H �(φ)2
H(φ)2
��
= 3M2PH
2(φ)
�
1− 1
3
�
H
�
(4.5)
where �
H
is defined in Eqns.(1.21). Combining Eqns.(4.4), (4.5) and (1.15) we further have
a¨
a
= H(φ)2 [1− �
H
] (4.6)
So, in Hamilton-Jacobi formulation the accelerated expansion takes place when �
H
< 1 is satis-
fied and the precise end of inflation is given by the condition �
H
= 1.
The above formulation forms the backbone of Hamilton-Jacobi algorithm which is indispens-
able inMonte-Carlo simulation in COSMOMC. Though we will not directly employ the algorithm
in this thesis, let us briefly discuss it for completion. We shall follow the trail as given in [169].
The Hamilton Monte Carlo (HMC) [170, 171] is a Markov chain Monte Carlo (MCMC) tech-
nique built upon the basic principle of Hamiltonian mechanics. HMC works by sampling from
a larger parameter space than we want to explore, by introducing M auxiliary variables, one
for each parameter in the model. Here we consider each of the parameters in the problem as
coordinates. HMC regards the target distribution which we seek as an effective potential in
this coordinate system, and for each coordinate it generates a generalized momentum, i.e., it
expands the parameter space from its original coordinate space to a phase space, in which there
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is a so-called extended target distribution. If the target density inM dimensions is p(θ), then we
can define a potential as
U(θ) ≡ − ln p(θ). (4.7)
For each coordinate, θα, we generate a momentum, uα, conveniently from a normal distribution
with zero mean and unit variance, so the M–dimensional momentum distribution is a simple
multivariate Gaussian which we denote by N(u). Now, we define the kinetic energy as
K(u) = 1
2
uTu, (4.8)
so that the Hamiltonian is given by
H(θ, u) ≡ U(θ) +K(u). (4.9)
The trick is that we generate chains to sample the extended target density
p(θ, u) = exp [−H(θ, u)] = exp [−U(θ)] exp [−K(u)] ∝ p(θ)N(u) (4.10)
and if we then marginalize over u by simply ignoring the u coordinates attached to each point
in the chain, the resultingmarginal distribution samples the desired target distribution p(θ). The
key is that if we can solve exactly the Hamiltonian equations
θ˙α = uα, u˙α =
∂H
∂uα
(4.11)
thenH remains invariant, so the extended target density is always the same, and the acceptance
is unity. Furthermore, we can integrate the equations for a long time if we wish, de-correlating
the points in the chain. The last point is that if we change the momentum only with Hamilton’s
equations of motion, we will restrict ourselves to a locus in phase space, and the target distri-
bution will not be properly explored. To avoid this, a new momentum is generated randomly
when each point in the chain is generated. The art is to choose a good step in the integration,
and the number of steps to take before generating a new point. Perhaps unsurprisingly, choos-
ing these such that the new point differs from the previous one by about the size of the target
peak works well. In a nutshell, Hamiltonian dynamics allows the chain to move along trajecto-
ries of constant energy, taking large jumps in the parameter space with relatively inexpensive
computations [171].
4.3 THE SETUP: QUASI-EXPONENTIAL INFLATION
Let us consider the following phenomenological Hubble parameter involving a single scalar field
H(φ) = Hinf exp
�
M
−1
P φ
p
�
1 + M−1P φ
�� (4.12)
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where p is a dimensionless parameter and Hinf is a constant having dimension of Planck mass.
The value of the constants can be fixed from the conditions for successful inflation and observa-
tional bounds. As it will turn out in subsequent analyses this Hubble parameter can indeed be
cast into a form of quasi-exponential inflation for some choice in the parameter space.
Two parameters �
H
and η
H
in the present context have the following form
�
H
= 2
�
p2
�
1 +M−1P φ
�4�−1
, η
H
= −2 �−1 + 2p+ 2p M−1P φ� �p2 �1 +M−1P φ�4�−1 . (4.13)
Now the condition for inflation may also be put forward using equation of state parameter which
in the present context turns out to be
ω(φ) = 4
�
3p2
�
1 +M−1P φ
�4�−1 − 1. (4.14)
From the constraint ω < −1
3
during inflation, together with Eqn.(4.14) we obtain a lower bound
for the otherwise free parameter p, which is given by
|p| >
√
2
�
1 +M−1P φ
�−2
. (4.15)
Thus, for a wide range of values of p, the above form (4.12) of the Hubble parameter renders
inflationary solution. However, at the end of inflation ω ≥ −1
3
allows us to estimate an upper
bound for the parameter p, which turns out to be
|p| ≤
√
2
�
1 +M−1P φE
�−2 (4.16)
where φ
E
is the value of the inflaton at the end of inflation. Now we note that, if p is negative
then from Eqn.(4.4) and Eqn.(4.12) we have φ˙ > 0, i.e., φ(t) increases with time, which incor-
porates the so called graceful exit problem [56, 57] as then �
H
remains always less than one. We
discard the values of p greater or equal to
√
2 as well, since p ≥ √2 would imply �
H
< 1 for
any value of φ giving rise to the same problem. As a result, the feasible range for p would be:
0 < p <
√
2. Further, for sufficient inflation we also need |η
H
| < 1 during inflation and violation
of that condition after inflation drags the inflaton towards its potential minimum quickly. But
if p < 0.586 then |η
H
| will always be less than one. Imposing this condition further restricts the
range of the otherwise free parameter p within 0.586 < p <
√
2. We shall use a representa-
tive value for the parameter p within the above range later on while confronting CAMB [124]
outputs with WMAP seven [5].
The expression for the scale factor is obtained by making use of the following relation
φ˙
a�(φ)
a(φ)
= H(φ), (4.17)
which when combined with the Eqns.(4.12) and (4.4) yield
a(φ) = a
E
exp
�
−p
6
�
1 +M−1P φ
�3� (4.18)
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where a
E
≡ a(φ
E
) exp
�
−p
6
�
1 +M−1P φE
�3�, a(φ
E
) is the scale factor at the end of inflation.
p �
H
< 1 |η
H
| < 1 φ
E
φin N V (φin)1/4
φ ≥ MP φ ≥ MP MP MP 1016 GeV
0.60 0.535 0.385 0.535 7.260 56 1.005
7.894 70 1.012
0.70 0.421 0.414 0.421 6.845 56 0.901
7.448 70 0.907
TAB. 4.1: Different parameters for two different values of p within its allowed range.
The primary quantities related to inflation have been summarized in Table 4.1. From the
Table 4.1, we see that |η
H
| ≈ 1 after the end of inflation. So, slow-roll would be a very good
approximation throughout the inflationary period, though we do not utterly require them in this
formalism [172].
We shall now see that the Hubble parameter given by Eqn.(4.12), indeed corresponds to
quasi-exponential inflation. For this demonstration, we first expand the Hubble parameter,H(φ),
into a power series of φ
H(φ) = H
I
�
1− 1
p
�
1 +M−1P φ
�−1
+
1
2!
1
p2
�
1 +M−1P φ
�−2 − ...� , (4.19)
where we have defined H
I
≡ Hinf e
1
p . The above expansion, at next to leading order, when
combined with Eqn.(4.4) gives rise to the following expression for the scalar field
φ ≈ MP
�
(6/pH
I
[t− t
E
])
1/3 − 1
�
. (4.20)
Here t
E
≡ 6HI
p
tend + (1 +M
−1
P φ)
3 and tend corresponds to the time at the end of inflation.
The time evolution of the scale factor is obtained by combining Eqns.(4.18) and (4.20),
written explicitly, it looks
a(t) ≈ a
E
exp [H
I
(t− t
E
)] . (4.21)
So the expression for the conformal time turns out to be
η ≈ −H
I
−1a(t)−1. (4.22)
Thus, our analysis indeed deals with quasi-exponential inflation. The higher order terms in
the expansion (4.19) will, in principle, measure further corrections to the scale factor but the
analytical solutions are neither always obtainable nor utterly required. Rather, one can directly
confront the observable parameters with WMAP seven in order to constrain quasi-exponential
inflation, as done in the rest of the chapter.
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4.4 PERTURBATIONS AND OBSERVABLE PARAMETERS
In this section we shall survey inflationary cosmological perturbations based on the inflation-
ary model under consideration. The co-moving curvature perturbation, Rk, is related to the
Mukhanov variable by vk = −zRk, where in the present context z has the following form
z = − 2 MP a(φ)
p
�
1 + M−1P φ
�2 = 2MP �pHIη [6/p ln (HIaE |η|)]2/3�−1 . (4.23)
So, the kth Fourier mode of the co-moving curvature perturbation is approximately given by
Rk ≈ −pHIη [
6/p ln (H
I
a
E
|η|)]2/3
2 MP
e−ikη√
2k
�
1− i
kη
�
. (4.24)
Consequently, the dimensionless power spectrum for Rk turns out be,
PR(k) =
p2H2
I
16M2Pπ
2
�
1 + k2η2
�
[6/p ln (H
I
a
E
|η|)]4/3 . (4.25)
For the evaluation of PR(k) at horizon exit, we proceed similar to that in Chapter 2 to get
1 + k2η2 = 1 + a2H2η2 ≈ 2
�
1− �6H
I
p2(te − t)
�−1
3
�
. (4.26)
So, the power spectrum for Rk when evaluated at horizon crossing turns out to be
PR(k)|k=aH =
p2H2
I
8π2M2P
��
6Ak
p
�4/3
− 6Ak
p2
�
(4.27)
where we have defined Ak ≡ ln (HIaEk−1). Also at horizon crossing d ln k = HIdt, consequently,
the expressions for the scalar spectral index and its running are given by
n
S
(k) = 1−
�
4
3
�
6
p
�4/3
A
1/3
k − 6p2
���
6Ak
p
�4/3
− 6Ak
p2
�−1
(4.28)
n�
S
(k) = −
�
4
3
�
6
p
�8/3
A
2/3
k − 209
6
7/3A
1/3
k
p10/3
+ 36
p4
���
6Ak
p
�4/3
− 6Ak
p2
�−2
. (4.29)
Here note that, we would have got n
S
= 1− 4
3Ak
and n�
S
= − 4
3A2k
as the expressions for the scalar
spectral index and its running respectively, had we put k = −η−1 directly into Eqn.(4.25).
The power spectrum for the tensor modes representing primordial gravitational waves in the
present context turns out to be
PT(k) =
H2
I
π2M2P
�
1 + k2η2
�
. (4.30)
Therefore, using Eqn.(4.26) we can immediately write
PT(k)|k=aH =
2H2
I
π2 M2P
�
1− �6p2Ak�−1/3� . (4.31)
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Corresponding spectral index and running are derived from Eqn.(4.31), and are given by
n
T
(k) = −1
3
�
(6p2)1/3A
4/3
k − Ak
�−1
(4.32)
n
�
T
(k) = −1
9
�
4[6p2Ak]
1/3 − 3��(6p2)1/3A4/3k − Ak�−2 . (4.33)
The tensor spectral index, n
T
, and its running, n�
T
, would have been zero, had we substituted
k = −η−1 into Eqn.(4.30). The results (4.32) and (4.33) brought out the effect of scalar field
evolution in estimating observable quantities at horizon-crossing.
In the present context, the tensor to scalar ratio is found to be
r = 16 [6Ak]
−4/3p−2/3. (4.34)
The consistency relation is obtained from Eqn.(4.32) and (4.34), which is given by
r = −8n
T
�
1− r
1/4
2p1/2
�
. (4.35)
The deviation from the usual relation, r = −8n
T
, was anticipated by considering the fact that the
effect of scalar field evolution has been directly taken into account in estimating the observable
parameters at horizon crossing.
4.5 CONFRONTATION WITH WMAP SEVEN
Recently, SPT has detected [167] CMB B-mode polarization produced by gravitational lensing.
But to comment on primordial gravity waves or on the energy scale of inflation we need large
scale B-mode signal. The current bound on the tensor to scalar ratio, r < 0.11, is set by Planck
[4, 102]. We have found r to be of the order of 10−2, which is consistent with the Planck, making
the present discussion fascinating from the observational point of view.
4.5.1 DIRECT NUMERICAL ESTIMATION
In Table 4.2 we have estimated the observable parameters from the first principle of the
theory of fluctuation as derived in the previous section, for two different values of p within its
allowed range, 0.586 < p <
√
2. For the estimation we have taken Hinf = 2.27 × 10−6 MP ,
a
E
= 7.5 × 10−31 and set the pivot scale at k0 = 0.002 Mpc−1. Table 4.2 reveals that the
observable parameters as derived from our analysis are in excellent agreement with the current
observations as given by WMAP seven years data for ΛCDM background [5].
4.5.2 CAMB OUTPUT AND COMPARISON
In what follows, we shall make use of the publicly available code CAMB [124] in order to
confront our results directly with observational data. For CAMB, the Eqn.(4.27) has been set
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p P
1/2
R nS nT n
�
S n
�
T r
10−5 10−3 10−4 10−5 10−2
0.60 4.912 0.9746 -1.516 -4.253 -3.853 0.967
0.70 4.114 0.9747 -1.343 -4.334 -3.403 0.878
TAB. 4.2: Observable quantities as obtained from the theory of fluctuations.
H0 τReion Ωbh
2 Ωch
2 TCMB
km/sec/Mpc K
71.0 0.09 0.0226 0.1119 2.725
TAB. 4.3: Input parameters.
as initial power spectrum and the values of the initial parameters associated with inflation are
taken from the Table 4.2 for p = 0.60. Also,WMAP seven years dataset for ΛCDM background
has been used in CAMB to generate matter power spectrum and CMB angular power spectra.
We have set the pivot scale at k0 = 0.002 Mpc−1 in CAMB.
Table 4.3 shows inputs from theWMAP seven years dataset for ΛCDM background. Table
4.4 shows the outputs as obtained from CAMB, which is in fine concord withWMAP seven years
data. The results obtained here are for a representative value of the parameter p = 0.6 within
its allowed range.
t0 zReion ΩM ΩΛ Ωk ηRec η0
Gyr Mpc Mpc
13.708 10.692 0.2669 0.7331 0.0 285.15 14347.5
TAB. 4.4: Different physical quantities as obtained from CAMB.
The curvature perturbation is generated due to the fluctuations in the inflaton and remains
almost constant on the super Hubble scales. Long after the end of inflation it makes horizon re-
entry and creates matter density fluctuations through the gravitational attraction of the potential
wells. These matter density fluctuations grow with time and form the structure in the Universe.
So the measurement of the matter power spectrum is very crucial as it is directly related to
the formation of structure. In Fig.4.1 the CAMB output for the variation of the spectrum
of the matter density fluctuations with the scale for quasi-exponential inflation and the best fit
spectrum of WMAP–7 for ΛCDM + TENS model [173] have been shown and it represents true
behavior indeed [174].
In Fig.4.2 we confront CAMB output of CMB angular power spectrum CTT� for quasi-
exponential inflation withWMAP seven years data and the best fit spectra ofWMAP–7 for ΛCDM
+ TENS. On the large angular scales, i.e., for low �, CMB anisotropy spectrum is dominated by
the fluctuations in the gravitational potential leading to Sachs-Wolfe effect. From Fig.4.2 we
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FIG. 4.1: Variation of matter power spectrum PMat(k) with k/h in logarithmic scales for quasi-
exponential inflation and the best fit spectra of WMAP–7 for ΛCDM + TENS.
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FIG. 4.2: CMB angular power spectrum CTT� for quasi-exponential inflation, the best fit spectra ofWMAP7
for ΛCDM + TENS and WMAP7 data with the multipoles �.
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predicted tensor spectra of WMAP7 for ΛCDM + TENS with the multipoles �.
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see that the Sachs-Wolfe plateau obtained from quasi-exponential inflation is almost flat confirm-
ing a nearly scale invariant spectrum and resonating with the small spectral tilt, 1−n
S
= 0.0254,
as estimated from our analysis. For larger �, CMB anisotropy spectrum is dominated by the
acoustic oscillations of the baryon-photon fluid giving rise to several peaks and troughs in the
spectrum. The heights of the peaks are very susceptible to the baryon fraction. Also, the peak
positions are sensitive to curvature of the space and on the rate of cosmological expansion,
hence on the dark energy and other forms of the matter. In Fig.4.2 the first and the most
prominent peak arises around � ∼ 220 at a height of ∼ 5811µK2 followed by two equal height
peaks near � ∼ 537 and � ∼ 815. This is in excellent agreement withWMAP seven years data [5]
for ΛCDM background. The direct comparison of our prediction for p = 0.60 in Fig.4.2 shows
fine match with WMAP data apart from the two outliers at � = 22 and � = 40.
The gravitational waves generated during inflation also remain constant on super Hubble
scales having small amplitudes. But as their wavelengths become smaller than the horizon
the amplitudes begin to die off very rapidly. So, the small scale modes have no impact in the
CMB anisotropy, only the large scale modes have little contributions which is obvious from
the Fig.4.3. Here we see little difference between our result and WMAP–7 prediction, this
happens due to the fact that our tensor to scalar ratio is almost twice that ofWMAP–7 for ΛCDM
+ TENS model.
Further, in Fig.4.4 we have plotted CMB TE and EE angular power spectra for quasi-
exponential inflation and the best fit spectra of WMAP–7 for ΛCDM + TENS and compared with
WMAP seven years data. Both the plots resonate fairly well with the latest WMAP data [5].
Thus, from the entire analysis, it turns out that quasi-exponential inflation confronts ex-
tremely well with WMAP seven dataset. Not only that, the results are consistent with the recent
data from Planck as well. The usual exponential (e.g. de-Sitter) inflation predicts almost zero
tensor to scalar power ratio, but, as we have seen that for quasi-exponential inflation r is of the
order of 10−2, which may even be detected in near future. So, from the observational point
of view quasi-exponential inflation is more attractive and at the same time consistent than the
exact exponential inflation.
4.6 CHAPTER SUMMARY
In this chapter we have confronted quasi-exponential models of inflation with WMAP–7 data us-
ing Hamilton-Jacobi formalism. We have first developed the formalism with a phenomenological
Hubble parameter and demonstrated how and to what extent the scenario measures deviation
from de-Sitter inflation. The deviation, incorporated through a new parameter p, has then been
constrained by estimating the major observable parameters from the model and confronting
them with WMAP seven year dataset.
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FIG. 4.4: CMB angular power spectra CTE� and C
EE
� for quasi-exponential inflation and the best fit spec-
tra of WMAP–7 for ΛCDM + TENS with the multipoles �.
We then utilized the publicly available code CAMB [124] to compare our analyses with
WMAP–7 data [5]. CAMB outputs for an emblematic value of the parameter p within its allowed
range, 0.586 < p <
√
2, are found to be in excellent agreement with the latest WMAP data.
Values of the most significant cosmological parameters have also been calculated using CAMB
and found to fair well with the observational bounds as given by WMAP–7 data. This leads us
to conclude that quasi-exponential inflation confronts extremely well with WMAP seven within
a certain parameter space. The parameter p could have been constrained much better, had
we employed more sophisticated code, like COSMOMC [166]. But, still the results obtained
through CAMB are in tune with the WMAP–7 data.
Nevertheless, another appealing aspect of our analysis is the possibility of verifying quasi-
exponential inflation by detecting primordial gravity waves. The current observational bound
on the ratio of tensor to scalar amplitudes as given by Planck is r < 0.11 at 95% C.L. [102]. The
numerical estimation reveals that the parameter r is of the order of 10−2 for quasi-exponential
inflation. Thus, quasi-exponential inflation can be confronted with more precise data in near
future.
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CHAPTER
5
Weak Gravitational Lensing of CMB
This Chapter is based on our following work:
1. Barun Kumar Pal, Hamsa Padmanabhan and Supratik Pal, Towards reconstruction of unlensed, intrinsic CMB power
spectra from lensed map, arXiv: 1309.1827.
5.1 INTRODUCTION
The deflection of light rays by intervening structures, a phenomena referred to as gravitational
lensing, has emerged as an extremely powerful cosmological tool, nowadays. This deflection of
light directly probes the gravitational field and the matter that causes it. The gravitational field
being independent of nature of the matter that creates it, lensing functions as a direct probe for
the total matter in the Universe. Being a direct probe, of late, gravitational lensing has claimed
special attention in observational cosmology.
Since the detection of temperature anisotropy in CMB by COBE [2, 3], being the most com-
pelling machinery for the investigation of early universe physics, CMB has continued to stay
very next to the heart of cosmologists and its prevalence is still outbreaking among different
branches of physics. The latest observational probes like Planck [4],WMAP [5], ACT [165], SPT
[164] have led to extremely precise data resulting in a construction of a very accurate model of
our Universe. Even though the latest data from Planck [4] are in disagreement with the best-fit
ΛCDM model for low multipoles (� � 40) at 2.5σ – 3σ, as a whole, all the data are in excel-
lent harmony with the ΛCDM model and Gaussian adiabatic initial conditions with a slightly
red-tilted power spectrum for the primordial curvature perturbation.
All through the voyage from last scattering surface to the present day detectors, the path of
CMB photon gets distorted by potential gradients along the line of sight. In the context of grav-
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itational lensing, CMB can be thought of as a single source plane situated at a redshift z ∼ 1100.
Being the most distant light source, CMB provides valuable information about the matter distri-
bution on the largest scales. Though, the lensing has small contribution to CMB anisotropies,
but it has non-null impact on the determination of various cosmological parameters. In addition
to the temperature anisotropies, CMB is also linearly polarized, which was first detected by DASI
[175]. The observed polarization field is also lensed by the potential gradients along the line of
sight. Therefore, CMB radiation field provides two additional lensed observables in the form of
E and B polarization modes.
Current observations such as LIGO [176] aim to detect primordial gravity waves which gen-
erate (along with primordial magnetic fields, if any) the large scale B-mode signal. CMB polar-
ization offers a unique search for gravity waves produced during inflation, as the gravity waves
from the primordial tensor perturbations produce specific pattern of polarization, which can not
be generated by the scalar perturbations. The precise measurement of the primordial B-mode
polarization, although yet to be observed (very recently SPT [164] has claimed a detection of
CMB B- mode polarization produced by gravitational lensing [177]), is very crucial in the con-
text of inflation as it is directly related to the inflationary energy scale [178] (assuming there
are no vector modes), which may help discriminate among different classes of inflationary mod-
els. However, there is a confusion between the CMB E and B-modes in presence of lensing
[179] as the lensing of CMB E-mode polarization also produces non-zero B-mode signal [180].
Hence, the detection of a large scale B-mode signal in CMB polarization experiments does not
ensure that we are actually observing primordial gravity waves. Also, the acoustic peaks in CMB
angular power spectrum are smoothened [181] and power on the smaller scales is enhanced
[182, 183] due to gravitational lensing. Accordingly, the lensing of CMB becomes more and
more important on the smaller scales where there is very little intrinsic power. The lensing ef-
fect may also produce non-Gaussian features in the CMB maps [184]. Therefore, study of CMB
lensing is very crucial to get precise handle on the true physics at the last scattering surface.
In this chapter, we start with a brief review on CMB polarization. Then we shall derive lensed
CMB power spectra using correlation function technique broadly following [185, 186]. Finally
we provide a new method to subtract lensing contribution from the lensed CMB spectra using
matrix inversion technique in the simplest situation.
5.2 CMB POLARIZATION
Ahead of LSS, the mean free path was small compared to the spatial scale of the perturbations
and the Thomson scattering kept CMB radiation isotropic in the rest frame of the electron-baryon
plasma. As protons and electrons started to recombine to form neutral hydrogen, the mean free
path began to grow and anisotropies started to develop. The non-zero photon quadrupole at LSS
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made the CMB radiation field linearly polarized through the Thomson scattering process.
The CMB polarization along any line of sight, nˆ, is conveniently represented by Stokes pa-
rameters: I(nˆ), Q(nˆ) U(nˆ) and V (nˆ); where I(nˆ) is the total intensity, Q(nˆ) and U(nˆ) are
linear polarizations, V (nˆ) is the circular polarization which will not be discussed here as it is
expected to vanish for CMB. For a fixed choice of basis (e1, e2), in the plane orthogonal to the
direction of observation, the polarization tensor can be represented as
Pij =
�
Q U
U −Q
�
which also defines two Stokes parameters Q and U .
As the parameters Q and U are basis dependent, it is not convenient to work with them.
Instead, we can define a new spin −2 quantity, P , which with respect to the complex basis
e± ≡ e1 ± ie2 can be expressed as
P ≡ Q+ iU. (5.1)
In the flat-sky approximation P can be expanded in terms of Fourier transform of its electric
(E) and magnetic (B) components,
P (x) = −
�
d2�
2π
[E(�)− iB(�)] e−2iφ�ei�·x (5.2)
where φ� is the angle made by the vector � with the x-axis. In order to calculate the correlation
functions for the CMB polarizations in the flat-sky limit, we consider the basis defined by the
vector r ≡ x − x� and the direction orthogonal to r. Then in this new basis, the spin −2
polarization field Pr is given by
Pr(x) = e
−2iφrP (x). (5.3)
We can now define co-ordinate independent correlation functions for CMB polarizations with
respect to the newly defined basis as,
ξ+(r) = �P ∗r (x)Pr(x�)� = �P ∗(x)P (x�)� =
1
2π
�
�d�
�
CEE� + C
BB
�
�
J0(�r) (5.4)
ξ−(r) = �Pr(x)Pr(x�)� = �e−4iφrP (x)P (x�)� = 1
2π
�
�d�
�
CEE� − CBB�
�
J4(�r) (5.5)
ξ×(r) = �Pr(x)T (x)� = �e−2iφrP (x)T (x)� = 1
2π
�
�d�CTE� J2(�r) (5.6)
where CEE� , C
BB
� , C
TE
� are CMB E-mode, B-mode and cross power spectra respectively. The
correlation functions defined above, depends only on the separation, r, between the two points
x and x�. Conversely, CMB polarization and cross power spectra are given by
C+� ≡ CEE� + CBB� = 2π
�
r drJ0(�r) ξ+(r) (5.7)
C−� ≡ CEE� − CBB� = 2π
�
r drJ4(�r) ξ−(r) (5.8)
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C×� ≡ CTE� = 2π
�
r drJ2(�r) ξ×(r). (5.9)
In the spherical-sky, we expand spin −2 CMB polarization field, P , in the spin-weighted spher-
ical harmonics as [187, 188],
P (nˆ) =
�
�m
(E�m − iB�m) −2Y�m(nˆ) (5.10)
where −2Y�m(nˆ)s are spin-weighted spherical harmonics. We now consider two directions, nˆ1 and
nˆ2, instead of two points on the sky-surface. Now if nˆ1 has angular co-ordinates (θ1, φ1) and
(θ2, φ2) be that of nˆ2, then the angle, β, between nˆ1 and nˆ2 is defined by
D−1(φ1, θ1, 0)D(φ2, θ2, 0) = D(δ, β,−γ) (5.11)
where δ is the angle required to rotate any vector about nˆ1 to bring it onto the tangent at nˆ1 to
the geodesic connecting nˆ1 and nˆ2 in a right handed sense, −γ is defined similarly but now at nˆ2
[189] and D is Wigner-D matrix. So, the spin-weighted spherical harmonics can be represented
as
D�−ms(φ, θ, 0) = (−1)m
�
4π
2�+ 1
sY�m(nˆ) (5.12)
where (θ, φ) are angular co-ordinates of the unit vector nˆ. We define the geodesic-basis such that
the x-direction is along the geodesic between nˆ1 and nˆ2. We denote the quantities in this basis
with an over-bar on them. Then, the correlation functions for polarizations in this geodesic-basis
are given by [189, 190]
ξ+(β) = �P¯ ∗(nˆ1)P¯ (nˆ2)� =
�
�
2�+ 1
4π
�
CEE� + C
BB
�
�
d�22(β) (5.13)
ξ−(β) = �P¯ (nˆ1)P¯ (nˆ2)� =
�
�
2�+ 1
4π
�
CEE� − CBB�
�
d�2−2(β) (5.14)
ξ×(β) = �P¯ (nˆ1)T (nˆ2)� =
�
�
2�+ 1
4π
CTE� d
�
20(β), (5.15)
where d�mns are reduced Wigner-D matrices. Here also we see that the correlation functions are
independent of choice of basis and only depends upon the angle, β, between two directions
nˆ1 and nˆ2. As a result, the polarization power spectra are found to be,
C+� = 2π
� 1
−1
ξ+(β)d
�
22(β)d(cos β) (5.16)
C−� = 2π
� 1
−1
ξ−(β)d�2−2(β)d(cos β) (5.17)
CTE� = 2π
� 1
−1
ξ×(β)d�20(β)d(cos β). (5.18)
Before working out different lensed correlation functions and the corresponding lensed
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power spectra for CMB, we shall now define deflection angle and CMB lensing potential in the
following.
5.3 GRAVITATIONAL LENSING IN BACKGROUND COSMOLOGY
Gravitational field distorts light paths, in other words light responds to mass. This deflection of
light rays by the gravitational field is referred to as gravitational lensing.
5.3.1 DEFLECTION ANGLE
Due to lensing, an object appears to be in a deflected position. The difference between the actual
and observed positions is called the deflection angle. Here, we shall assume that the deflection
angles are small and only consider lensing by density perturbations.
We write the perturbed metric in the conformal Newtonian gauge, which in a spatially flat
universe has the following form
ds2 = −a2(η) �(1 + 2ΨN) dη2 − (1 + 2ΦN) δijdxidxj� . (5.19)
where ΨN and ΦN are gravitational potentials. Since light travels along null-geodesic, in case
of lensing, we are actually interested in the path ds2 = 0. Therefore, we can use a simpler
conformally related metric,
dsˆ2 = −a2(η) �(1 + 4ΨW ) dη2 − δijdxidxj� (5.20)
where ΨW ≡ 12 (ΨN − ΦN), is the Weyl potential. The observed deflection, α, of an object at a
conformal distance χ∗ in the direction nˆ, will be sum of all deflections by the lenses between
the object and the detector, so
α(nˆ) = −2
χ∗�
0
dχ
χ∗ − χ
χ∗
∇⊥ΨW (χnˆ; η0 − χ) (5.21)
where χ(z) ≡ H−10
� z
0
dx√
Ω
Λ
+Ω
M
(1+x)3+Ω
R
(1+x)4
is the conformal distance corresponding to the
redshift z, ∇⊥ is the covariant derivative taken transverse to the line of sight and χ − η0 is the
conformal time when photon was at position χnˆ.
As, the path of CMB photon is twisted by potential gradients transverse to the line of sight,
the temperature field, T , and the polarization field, P , are remapped. Consequently, a point n
appears to be in a deflected position n� ≡ n + α, on the LSS. So, the observed lensed tem-
perature, T˜ (nˆ), and polarization, P˜ (nˆ), in a direction nˆ, actually correspond to the unlensed
temperature and polarization in the direction nˆ� = nˆ+α(nˆ), i.e.,
T˜ (nˆ) = T (nˆ�) = T (nˆ+α(nˆ)), P˜ (nˆ) = P (nˆ�) = P (nˆ+α(nˆ)). (5.22)
Through out this chapter we shall work in the limit where lensing is weak, i.e., |α| � 1.
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5.3.2 POWER SPECTRUM FOR LENSING POTENTIAL
The lensing potential ψ is defined as
ψ(nˆ) ≡ −2
� χ∗
0
dχ
χ∗ − χ
χ∗
ΨW (χnˆ; η0 − χ) , (5.23)
so that the deflection angle is given by ∇⊥ψ(nˆ). To find the power spectrum for the lensing
potential, we expand the lensing potential into spherical harmonics basis as,
ψ(nˆ) =
�
�m
ψ�mY�m(nˆ). (5.24)
The angular power spectrum for the lensing potential, Cψ� , turns out to be
�ψlmψl�m�� = δ���δmm�Cψ� . (5.25)
In the linear theory, ΨW can be related to the primordial curvature perturbation, R, generated
during inflation, through the transfer function, T (η;k), by the relation ΨW (η,k) = T (η;k)R(k).
In terms of the primordial power spectrum PR(k), the angular power spectrum of the lensing
potential is given by
Cψ� = 16π
�
dk
k
PR(k)
�� zls
0
dz
H(z)
j�(kz)
χ(zls)− χ(z)
χ(zls)χ(z)
T (z,k)
�2
(5.26)
where j�(kz) is the spherical Bessel function of order � and zls is the redshift to the surface of last
scattering. Hence, given the form of the primordial power spectrum, the lensing potential power
spectrum can be computed from Eqn.(5.26). This can be done, for example, using numerical
code like CAMB [124].
5.4 THE LENSED CMB SPECTRA
Now, we shall briefly review the correlation function technique and derive the lensed CMB
temperature and polarization power spectra following [181, 185, 186], first assuming the flat-
sky approximation and then in the spherical-sky limit.
5.4.1 FLAT-SKY APPROXIMATION
In the flat-sky limit, correlation functions only depend on the separation, r ≡ |x− x�|, between
two points x and x�.
A. Lensed Temperature Correlation Function
We expand the temperature field in 2-Dimensional Fourier transform as,
T (x) =
1
2π
�
d2� T (�)ei�·x. (5.27)
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The correlation function and spectrum for CMB temperature anisotropy are then given by
ξ(r) ≡ �T (x)T (x�)� = 1
2π
�
�d� CTT� J0(�r) and C
TT
� = 2π
�
rdr ξ(r)J0(�r). (5.28)
Lensing remaps the temperature according to T˜ (x) = T (x+α), consequently, the lensed corre-
lation function turns out to be [181, 185],
ξ˜(r) ≡ �T˜ (x)T˜ (x�)� = �T (x+α)T (x� +α�)� =
�
d2�
4π2
CTT� e
i�.r�ei�.(α−α�)� (5.29)
where we have defined r ≡ x−x�. The Eqn.(5.29) can be further simplified and may be written
as [181, 185, 186],
ξ˜(r) ≈
�
d��
��
��2CTT��
2π
e−�
�2σ2(r)/2 ��1 + 1
16
��4A2(r)2
�
J0(�
�r) + 1
2
��2A2(r)J2(��r)
+ 1
16
��4A2(r)2J4(��r)
�
, (5.30)
where A0(r) ≡ 12π
�
�3 d� Cψ� J0(�r); A2(r) ≡ 12π
�
�3 d� Cψ� J2(�r); σ
2(r) ≡ A0(0)−A0(r). Once the
correlation function is known, we can readily define corresponding lensed temperature power
spectrum, C˜TT� , by
C˜TT� = 2π
�
r drJ0(�r) ξ˜(r). (5.31)
The above expansion (5.30) for the lensed temperature correlation upto the second order in
A2(r) is very accurate, as the higher order terms in A2 only contribute at the O(10−4) level
[185].
B. Lensed Polarization Correlation Functions
The derivation of correlation functions for CMB polarization are almost similar to the tempera-
ture case, but with little added complicacy owing to the fact that the polarization field, P , has
spin. The lensing remaps the polarization field according to P˜ (x) = P (x + α), as a result, the
lensed correlation functions for polarization turn out to be [180, 185, 186, 188]
ξ˜+(r) ≡ �P ∗r (x+α)Pr(x� +α�)� =
1
2π
�
��d��
�
CEE�� + C
BB
��
�
e−�
�2σ2(r)/2
× ��1 + 1
16
��4A2(r)2
�
J0(�
�r) + 1
2
��2A2(r)J2(��r) + 116�
�4A2(r)2J4(��r)
�
ξ˜−(r) ≡ �Pr(x+α)Pr(x� +α�)� = 1
2π
�
��d��
�
CEE�� − CBB��
�
e−�
�2σ2(r)/2
× ��1 + 1
16
��4A2(r)2
�
J4(�
�r) + 1
4
��2A2(r) [J2(��r) + J6(��r)]
+ 1
32
��4A2(r)2 [J0(��r) + J8(��r)]
�
(5.32)
ξ˜×(r) ≡ �T (x� +α�)Pr(x+α)� = 1
2π
�
��d��CTE�� e
−��2σ2(r)/2
× ��1 + 1
16
��4A2(r)2
�
J2(�
�r) + 1
4
��2A2(r) [J0(��r) + J4(��r)]
+ 1
32
��4A2(r)2 [J2(��r) + J6(��r)]
�
.
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FIG. 5.1: The plot shows fractional contribution to different CMB spectra from lensing.
Consequently, we can now define lensed CMB polarization and cross power spectra as
C˜+� ≡ C˜EEl + C˜BB� = 2π
�
r drJ0(�r) ξ˜+(r) (5.33)
C˜−� ≡ C˜EE� − C˜BB� = 2π
�
r drJ4(�r) ξ˜−(r) (5.34)
C˜TE� = 2π
�
r drJ2(�r) ξ˜×(r). (5.35)
From the Eqns.(5.33) and (5.34), it can be seen that even if CBB� = 0, C˜
BB
� �= 0. This lensed B
mode is purely generated by the lensing of E mode signal. Consequently, detection of CMB B
mode signal may not necessarily imply that we are actually observing intrinsic B mode signal.
This is the so called CMB E and B mode confusion.
In Fig.5.1 fractional lensing contributions to different CMB spectra has been shown. The
lensing contributes about 5% to CMB TT power spectrum, for CMB TE spectrum it is nearly 6%
and 15% for CMB EE spectrum upto � ∼ 1600, which is clear from Fig.5.1. The data for the
plots are generated by CAMB [124] using WMAP–7 best-fit parameters for ΛCDM + Tens model
[5] assuming zero intrinsic CMB B mode power.
5.4.2 SPHERICAL-SKY LIMIT
The calculation of CMB correlation functions in the spherical-sky is more involved. Here, we
consider two directions nˆ1 and nˆ2 in the sky. Following [185, 186], we define a spin one deflec-
tion field by 1α ≡ α · (eθ + ieφ), where eθ and eφ are the unit basis vectors in spherical polar
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co-ordinates. Now rotating to the basis defined by the geodesic connecting nˆ1 and nˆ2, denoted
by an over-bar, at nˆ1, 1α¯ has real and imaginary parts given by
R[ 1α¯(nˆ1)] = α1 cosψ1, I[ 1α¯(nˆ1)] = α1 sinψ1, (5.36)
where α1 ≡ |α(nˆ1)| is the length of the displacement due to lensing at nˆ1 and ψ1 is the angle it
makes with the geodesic. Similarly at nˆ2,
R[ 1α¯(nˆ2)] = α2 cosψ2, I[ 1α¯(nˆ2)] = α2 sinψ2. (5.37)
The covariance of the spin one deflection field are found to be
�1α¯(nˆ1)1α¯(nˆ2)� = − 14π
�
�
�(2�+ 1)(�+ 1)Cψ� d
�
−11(β) ≡ −A2(β) (5.38)
�1α¯∗(nˆ1)1α¯(nˆ2)� = 14π
�
�
�(2�+ 1)(�+ 1)Cψ� d
�
11(β) ≡ A0(β) (5.39)
where cos β = nˆ1 · nˆ2.
A. Lensed Temperature
On the full-sky, being a scalar (spin zero) quantity the temperature field can be expanded in usual
spherical harmonics: T (nˆ) =
�
�m
T�mY�m(nˆ). Therefore, the unlensed temperature correlation
function and the corresponding CMB TT power spectrum on the full-sky are given by
ξ(β) ≡ �T (nˆ1)T (nˆ2)� =
�
�
2�+ 1
4π
CTT� d
�
00(β)
CTT� = 2π
� 1
−1
ξ(β)d�00(β)d(cos β). (5.40)
Since, the gravitational lensing of CMB remaps the temperature field in the direction nˆ to a
new direction nˆ�, so the lensed correlation function and the corresponding lensed temperature
power spectrum turn out to be [185, 186]
ξ˜(β) ≡ �T (nˆ�1)T (nˆ�2)� ≈
�
�
2�+ 1
4π
CTT�
�
X2000(β)d
�
00(β)
+
8
�(�+ 1)
A2(β)X
�2
000(β)d
��
1−1(β) + A
2
2(β)
�
X �2000d
�
00(β) +X
2
220d
�
2−2(β)
��
(5.41)
C˜TT� = 2π
� 1
−1
ξ˜(β)d�0(β)d(cos β) (5.42)
where the prime denotes derivative with respect to σ2(β) ≡ A0(0)− A0(β), and
Ximn(β) ≡
� ∞
0
2ζ
σ2(β)
�
ζ
σ2(β)
�i
e−α
2/σ2(β)d�mn(ζ)dζ. (5.43)
Theoretical and Observational Aspects of Cosmological Inflation 82 c�Barun Kumar Pal
5. WEAK GRAVITATIONAL LENSING OF CMB 5.5 DELENSING THE CMB POWER SPECTRA
B. Lensed Polarization
On the full-sky, the three correlation functions for the polarization can be expressed upto the
second order in A2(β), as follows [185]:
ξ˜+(β) ≡ �P˜ ∗(nˆ�1)P˜ (nˆ�2)� ≈
�
�
2�+ 1
4π
�
CEE� + C
BB
�
� �
X2022d
�
22 + 2A2(β)X132X121d
�
31
+ A2(β)
2
�
X
�2
022d
�
22 +X242X220d
�
40
��
(5.44)
ξ˜−(β) ≡ �P˜ (nˆ�1)P˜ (nˆ�2)� ≈
�
�
2�+ 1
4π
�
CEE� − CBB�
� �
X2022d
�
2−2 + A2(β)×�
X2121d
�
1−1 +X
2
132d
�
3−3
�
+ 1
2
A2(β)
2
�
2X
�2
022d
�
2−2 +X
2
220d
�
00 +X
2
242d
�
4−4
��
(5.45)
ξ˜×(β) ≡ �T˜ (nˆ�1)P˜ (nˆ�2)� ≈
�
�
2�+ 1
4π
CTE�
�
X022X000d
�
02 + A2(β)
�
2X �000�
�(�+ 1)
× (5.46)
(X112d
�
11 +X132d
�
3−1)
�
+ 1
2
A2(β)
2
�
(2X
�
022X
�
000 +X
2
220)d
�
20 +X220X242d
�
−24
��
Again, the power spectra are related to the correlation functions through the following equations
C˜EE� + C˜
BB
� ≡ C˜+� = 2π
� 1
−1
ξ˜+(β)d
�
22(β)d(cos β) (5.47)
C˜EE� − C˜BB� ≡ C˜−� = 2π
� 1
−1
ξ˜−(β)d�2−2(β)d(cos β) (5.48)
C˜TE� = 2π
� 1
−1
ξ˜×(β)d�20(β)d(cos β). (5.49)
In Fig.5.2 we have shown fractional lensing contributions to different CMB power spectra
in full-sky limit as well as in the flat-sky approximation and we see very little difference between
them. The lensed CMBB-mode power, coming entirely from the lensing of E-mode polarization,
has been shown in the full and flat sky limits, assuming zero intrinsic B-mode power. Again, the
data for the plots are generated by CAMB [124] using WMAP–7 best-fit parameters for ΛCDM +
Tens model [5].
Since, the intrinsic CMB spectra are very important in the context of present day cosmology,
especially as regards the primordial gravitational waves, it is important to subtract the lensing
contribution. But, that is a very difficult task in practice. In what follows, I shall present a simple
method to delens the lensed CMB power spectra under ideal conditions, i.e., without taking into
account noises in measurements and errors in reconstructing the lensing potential.
5.5 DELENSING THE CMB POWER SPECTRA
In this section, we shall see that a simple matrix inversion technique (MIT) can be utilized to
subtract the lensing contribution with very good accuracy. Here, we shall present both the full-
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FIG. 5.2: In the top three panels, we have plotted fractional differences between CMB lensed and un-
lensed spectra in the spherical and flat sky limits. In the bottom panel we plotted CMB B-mode
power purely coming from the lensing of E-modes in the full and flat sky limits.
sky as well as flat-sky results. For our purpose, we have used the lensing potential as given by
WMAP seven year best fit results for ΛCDM + Tens model.
5.5.1 FLAT-SKY ANALYSIS
The lensed CMB power spectra can be estimated directly from the observations [4, 5]. These
can then be utilized to obtain the corresponding delensed power spectra provided we have the
lensing potential, using MIT as follows.
We first calculate the difference between the lensed and unlensed CMB temperature anisotropy
power spectra, which in the flat-sky approximation turns out to be
C˜TT� − CTT� = 2π
�
r drJ0(�r)
�
ξ˜(r)− ξ(r)
�
=
�
r drJ0(�r)
�
d�� �� CTT�� e
−��2σ2(r)/2 ��1 + 1
16
��4A2(r)2
�
J0(�
�r)
+ 1
2
��2A2(r)J2(��r) + 116�
�4A22J4(�
�r)
�− � r drJ0(�r) � d�� �� CTT�� J0(��r)
≡
�
d�� CTT�� δk
T (�, ��). (5.50)
In the last step, we have changed the order of integration and defined the temperature kernel
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δkT (�, ��), which can be read off from the above equation as
δkT (�, ��) ≡ ��
�
r drJ0(lr)
�
e−�
�2σ2(r)/2 ��1 + 1
16
��4A2(r)2
�
J0(�
�r)
+ 1
2
��2A2(r)J2(��r) + 116�
�4A2(r)2J4(��r)
�− J0(��r)� . (5.51)
Eqn.(5.50) is the Fredholm integral equation of the second kind. Generally, these equations are
very difficult to solve analytically as well as numerically. We now provide a numerical technique
to solve this equation that works satisfactorily whenever the kernel functions are small, which
is also the relevant case here, as the lensing contributions are small. To proceed further, we
rewrite Eqn.(5.50) in the following form,
C˜TT� =
�
d�� CTT��
�
δ(�− ��) + δkT (�, ��)� ≈�
��
CTT��
�
I��� + δk
T
���
�
. (5.52)
In the last step, we have discretized the continuous expression by replacing the integral over ��
by a sum over the various ��, the delta function by its discrete counterpart, the identity matrix
I��� and δkT��� is the discrete-� representation of δk
T (�, ��). Note that the superscript “T ” of δkT���
stands for temperature. After defining MT��� ≡ I��� + δkT��� , we can rewrite the above expression
for the lensed temperature power spectrum as a set of linear equations, which in the matrix
notation can be expressed as
C˜TT =MTCTT. (5.53)
As elements of the kernel matrix δkT (�, ��) are very small, we can solve (5.53) by expanding
(MT)−1 as a Taylor series in powers of δkT. Hence, Eqn.(5.53) may be rewritten as:
CTT = (MT)−1C˜TT
=
�
I− δkT + (δkT)2 + O((δkT)3)� C˜TT. (5.54)
For our analysis, we have retained terms upto the second order in δkT. Since the elements
of δkT are very small, MT is very close to identity, as a result, Eqn.(5.53) can also be solved
exactly by taking the inverse ofMT. This enables us to extract the unlensed temperature power
spectrum CTT from the lensed one in a simple manner.
In case of polarization, we can follow the same procedure to define the corresponding ker-
nels, δk+, δk− and δk×, in terms of which the lensed CMB polarizations and cross power spectra
can be expressed as,
C˜+� =
�
d�� C+��
�
δ(�− ��) + δk+(�, ��)� ≈�
��
C+��
�
I��� + δk
+
���
�
(5.55)
C˜−� =
�
d�� C−��
�
δ(�− ��) + δk−(�, ��)� ≈�
��
C−��
�
I��� + δk
−
���
�
(5.56)
C˜TE� =
�
d�� CTE��
�
δ(�− ��) + δk×(�, ��)� ≈�
��
CTE��
�
I��� + δk
×
���
�
(5.57)
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where we have now defined
δk+(�, ��) ≡ ��
�
r drJ0(�r)
�
e−�
�2σ2(r)/2 ��1 + 1
16
��4A2(r)2
�
J0(�
�r) +
2
��2A2(r)J2(��r)
+ 1
16
��4A2(r)2J4(��r)
�− J0(��r)� (5.58)
δk−(�, ��) ≡ ��
�
r drJ4(lr)
�
e−�
�2σ2(r)/2 ��1 + 1
16
��4A2(r)2
�
J4(�
�r) + 1
4
��2A2(r)×
[J2(�
�r) + J6(��r)] + 132�
�4A2(r)2 [J0(��r) + J8(��r)]
�− J4(��r)� (5.59)
δk×(�, ��) ≡ ��
�
r drJ2(lr)
�
e−�
�2σ2(r)/2 ��1 + 1
16
��4A2(r)2
�
J2(�
�r) + 1
4
��2A2(r)×
[J0(�
�r) + J4(��r)] + 132�
�4A2(r)2 [J2(��r) + J6(��r)]
�− J2(��r)� . (5.60)
Analogous to the case of temperature, we can also define the kernel matrices for the polariza-
tions and the cross power spectra, through the relations similar to Eqn.(5.54). This can be done
as follows,
C+ =
�
I− δk+ + (δk+)2 + O((δk+)3)� C˜+ (5.61)
C− =
�
I− δk− + (δk−)2 + O((δk−)3)� C˜− (5.62)
CTE =
�
I− δk× + (δk×)2 + O((δk×)3)� C˜TE. (5.63)
Thus, we see that with an estimate for the lensing potential, it is possible, in principle, to
extract the corresponding unlensed power spectra from the lensed ones in a very simple manner.
As a result, using our estimates, it may be possible to constrain the primordial B-mode spectrum
once we have the B mode signal. In the realistic situation, our formulation must be convolved
with estimates for the noise in the measured spectra and uncertainties in the transfer function;
the present formalism serves as a demonstration of the deconvolution of the lensing effect under
ideal conditions.
5.5.2 FULL-SKY ANALYSIS
We now repeat the above procedure in the full-sky limit. Using Eqns.(5.42), (5.44), (5.45),
(5.46), (5.47), (5.48) and (5.49), we first express the deviation of the lensed spectra from
unlensed ones, for the temperature anisotropy this reads:
C˜TT� − CTT� =
�
��
2�� + 1
2
� π
0
sin β dβ d�00(β) C
TT
��
�
X2000(β)d
��
00(β) +
8
��(�� + 1)
×
A2(β)X
�2
000(β)d
��
1−1(β) + A
2
2(β)
�
X �2000d
��
00(β) +X
2
220d
��
2−2(β)
��
−
�
��
2�� + 1
2
� π
0
sin β dβ CTT�� d
�
00(β)d
��
00(β)
≡
�
��
CTT�� δK
T (�, ��). (5.64)
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In the last line, we have defined the temperature kernel in the full sky as,
δKT (�, ��) =
2�� + 1
2
� π
0
sin β dβ d�00(β)
��
X2000 − 1
�
d�
�
00(β) +
8
��(��+1)A2(β)X
�2
000d
��
1−1(β)
+ A2(β)
2
�
X �2000d
��
00(β) +X
2
220d
��
2−2(β)
��
. (5.65)
Similarly, for the case of polarizations, corresponding lensed power spectra turn out to be,
C˜+� =
�
��
C+��
�
I��� + δK
+(�, ��)
�
C˜−� =
�
��
C−��
�
I��� + δK
−(�, ��)
�
C˜TE� =
�
��
CTE��
�
I��� + δK
×(�, ��)
�
. (5.66)
where we have now defined
δK+(�, ��) =
2�� + 1
2
� π
0
sin β dβ d�22(β)
��
X2022 − 1
�
d�
�
22(β) + 2A2(β)X132X121d
��
31(β)
+ A2(β)
2
�
X
�2
022d
��
22(β) +X242X220d
��
40(β)
��
(5.67)
δK−(�, ��) =
2�� + 1
2
� π
0
sin β dβ d�2−2(β)
��
X2022 − 1
�
d�
�
2−2(β)
+ A2(β)
�
X2121d
��
1−1(β) +X
2
132d
��
3−3(β)
�
+ 1
2
A2(β)
2
�
2X
�2
022d
��
2−2(β) +X
2
220d
��
00(β) +X
2
242d
��
4−4(β)
��
(5.68)
δK×(�, ��) =
2�� + 1
2
� π
0
sin β dβ d�
�
20(β)
�
[X022X000 − 1] d��20(β)
+ A2(β)
�
2X�000√
��(��+1)
(X112d
��
11(β) +X132d
��
3−1(β))
�
+ 1
2
A2(β)
2
�
(2X
�
022X
�
000 +X
2
220)d
��
20(β) +X220X242d
��
−24(β)
��
. (5.69)
In order to delens the CMB spectra, we define kernel matrices for the temperature as well as
for the polarizations and cross power spectra. Again, to the order (δK)2, the expressions for the
delensed spectra are given by
CTT =
�
I− δKT + (δKT)2 + O((δKT)3)� C˜TT (5.70)
C+ =
�
I− δK+ + (δK+)2 + O((δK+)3)� C˜+ (5.71)
C− =
�
I− δK− + (δK−)2 + O((δK−)3)� C˜− (5.72)
CTE =
�
I− δK× + (δK×)2 + O((δK×)3)� C˜TE. (5.73)
In the above expressions, the δK’s are the matrices associated with the kernels in the full sky.
Given the lensing power spectrum (which determines the Ximn functions as well as A2(β)), the
kernel functions can be worked out and using these kernels, the delensed CMB power spectra
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are obtained by solving the Eqns.(5.70), (5.71), (5.72) and (5.73).
Hence, the unlensed CMB spectra can be extracted by subtracting the lensing artifacts using
the above method. Consequently, our formulation may serve as a aid towards resolving, in
principle, the confusion between the primordial B-mode power spectrum and that produced
due to lensing of the E-mode if and when primordial gravity waves are detected.
5.5.3 NUMERICAL RESULTS
In this section, we describe a calibration of our methodology against the unlensed spectra esti-
mated from the primordial power spectra using CAMB [124]. We also describe the numerical
results obtained by applying the procedure described above to the lensed spectra taken from
the best-fit WMAP–7 [5] data for ΛCDM+Tens model, to calculate the corresponding delensed
spectra assuming zero unlensed B-mode power.
A. Calibration
For the calibration of our technique, we start from the unlensed spectra generated by CAMB
with the best-fit WMAP–7 cosmological parameters, and use the lensing potential of CAMB to
generate corresponding lensed spectra. We delens the lensed spectra thus obtained using our
technique described above. Having obtained the delensed spectra, we calibrate them against
the original unlensed spectra. For the comparison, we calculate different kernel matrices,
first adopting the flat-sky approximation and then considering the sky to be spherical, using
a FORTRAN-90 code based on the lensing module of CAMB. The code requires as input the
lensing power spectrum and generates the kernel matrices. We then utilize those matrices to
obtain delensed quantities from the corresponding lensed CMB spectra. For our investigation
we have constructed 2000 × 2000 kernel matrices, and the kernels are calculated explicitly for
each integer value of � , without employing any interpolation.
In Fig.5.3, we have plotted the fractional difference between the delensed spectra as ob-
tained from our full-sky analysis, and the initial CAMB produced unlensed spectra started orig-
inally. It can be seen that the differences are very small, of the order of 10−4 for values of
� � 1000, for each of the TT , TE and polarization spectra. For higher multipoles, the vari-
ation increases and reaches about 0.8% for TT and about 0.92% for EE, and 0.33% for TE
spectra between � ∼ 1500-1600. This serves as a calibration for the accuracy of our methodol-
ogy. The spectra obtained by CAMB are calculated independently using the primordial power
spectrum together with Eqn.(5.26), and we recover the spectra started with, to an accuracy of
0.33% − 0.92% around � ∼ 1500-1600. Further, if it is possible to reconstruct the lensing power
spectrum directly from the observational data, independent of any model, then, by following
our above method, the intrinsic CMB power may also be reconstructed in a model independent
manner. As an additional calibration, we have repeated the above procedure using theWMAP–9
cosmological parameters, and we again find an identical accuracy of about 0.8% for TT , about
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FIG. 5.3: The plot shows fractional difference between the lensed spectra delensed by MIT and the
unlensed CMB spectra, both the lensed and unlensed spectra generated by CAMB.
0.92% for EE, and 0.33% for TE spectra around � ∼ 1500-1600 with these parameters, demon-
strating that the accuracy of the technique is stable to variation in the input parameters.
B. Delensed CMB Power Spectra
We now present results for the delensing of the WMAP–7 spectra by our analysis, done in both,
the flat-sky approximation as well as in the spherical sky. For this, we have utilized the lensed
spectra obtained from WMAP–7 best-fit ΛCDM + TENS data, assuming zero unlensed B-mode
power, and delensed the spectra using the matrix inversion technique with the kernel matrices
generated using the WMAP–7 best-fit lensing potential. In Fig.5.4, we have plotted the lens-
ing contributions as estimated from our analysis. For the comparison, we have assumed zero
intrinsic B-mode power. For values of � � 1600, we find that the two methods (flat-sky and
full-sky) provide consistent results. The difference between the flat-sky and the full-sky results
is very small in the large scale regime, and increases very slowly as we go to smaller scales, how-
ever, the fractional difference always remains less than 10−3. Fig.5.5 provides an estimate
of the delensed TT spectrum, as obtained from our procedure using the WMAP–9 unbinned
TT spectrum and an estimate of the lensing power spectrum obtained from CAMB using the
WMAP–9 cosmological parameters. In the top panel, the delensed spectrum is over-plotted on
the WMAP–9 unbinned TT spectrum. In the bottom panel, the fractional difference between
the lensed and delensed spectra is plotted. It can be seen that the lensing contribution is at the
level of 3% for values of � � 800.
C. Sources of Error
Finally, we furnish a brief estimate of the possible sources of error in our analysis. In the flat sky
approximation, as pointed out in [185], the error in ignoring terms beyond the second order in
A2(β) is extremely small, of the order of 10−4. The Taylor series expansion for evaluating the
Theoretical and Observational Aspects of Cosmological Inflation 89 c�Barun Kumar Pal
5. WEAK GRAVITATIONAL LENSING OF CMB 5.5 DELENSING THE CMB POWER SPECTRA
Multipoles (l)
-0.04
-0.02
 0
 0.02
Δ
C
lT
T
/C
lT
T Full-Sky Analysis
Flat-Sky Analysis
-0.06
-0.04
-0.02
 0
 0.02
 0.04
Δ
C
lT
E
/(
C
lT
T
C
lE
E
)1
/2
Full-Sky Analysis
Flat-Sky Analysis
-0.08
-0.04
 0
 0.04
 0.08
 0.12
Δ
C
lE
E
/C
lE
E Full-Sky Analysis
Flat-Sky Analysis
 0
 0.02
 0.04
 0.06
 0.08
 2  400  800  1200  1600
l(
l+
1
)C
lB
B
µ
K
2
Lensed BB
Full Sky Analysis
Flat Sky Analysis
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power spectrum as obtained by MIT has been shown. The predicted lensed BB spectrum from
the WMAP–7 best-fit data, is also plotted for a comparison.
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TT spectra as obtained from MIT.
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delensed spectra, Eqns. (5.54), (5.61)-(5.63) and Eqns.(5.70)-(5.73), ignores terms of the order
of (δK)3. This introduces an error of the order of (δK)3, which we have found to be at least four
orders of magnitude below the contribution from the combination of the first and second order
terms, for � � 500. As we go to higher � values, the third order contribution increases, but it still
remains at most 10−3 − 10−4 of the first- and second-order contributions, for about � � 1200, as
can be seen from Figs.5.6 and 5.7. The fractional contribution of (δK)3 term is of the order
of 10−3 for the TT spectrum at large multipoles (� � 1200), but it remains less than 10−4 for
other CMB spectra. In the full-sky analysis, we have neglected the A0(β) terms entirely as they
are very small, of the order < 10−4 [185]. In this case also, the contributions from the (δK)3
terms are tiny, as can be seen from Figs.5.6 and 5.7. Hence, negligence of the (δK)3 terms
do not really incorporate significant error in our analysis. Also, we did not take into account
the effect of the non-linear evolution of the lensing potential which may also incorporate some
additional error. However, non-linearities are increasingly important only in the very small scale
regime. The integrated effect of the above errors leads to the overall accuracy of our analysis,
estimated to be of the order of 0.33% − 0.92% at � ∼ 1500-1600 by the calibration technique
described above. A slightly more accurate result might possibly be obtained by using the full
second order expressions for the lensed correlation functions in full sky, as provided in Appendix
C of Ref. [185], but would increase the computational expense.
5.5.4 SIGNIFICANCE OF OUR ANALYSIS
There is a confusion between the CMB E- and B- polarization modes due to their mixing in
presence of lensing. The lensing effect may even dominate the intrinsic B-mode power. The
large scale B-mode signal carries valuable information about the energy scale of inflation as
it may have been generated by the primordial gravity waves, i.e., tensor perturbations during
inflation. However, B-modes are also generated due to the lensing of pure E-mode signal. As
a result, the detection of large scale B-mode power does not completely constrain the power in
the primordial gravity waves. But, using our matrix inversion technique, it may be possible to
get hold of the intrinsic B-mode power by subtracting the lensing effect, and thus the confusion
may be overcome, at least in principle. Of course, as we have clearly mentioned, this work is
just the first step towards this reconstruction. Here, obtaining the delensed CMB spectrum and
the demonstration of deconvolution of the lensing effect has been done in the ideal situation,
without taking into account noise in the measured C�’s, uncertainties in the transfer functions
and in the primordial power spectrum used in the transfer functions as well as more coming
from other sources as discussed earlier. In the realistic situation, the above uncertainties need
to be incorporated. Further, the code requires CMB lensing potential as the only input, which is
very difficult to construct in practice.
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FIG. 5.6: This shows the lensing contributions to the CMB TT and TE power spectra in units of µK2. In
the first and third panels, the lensing contributions from (δK) + (δK)2 and (δK)3 are shown.
In the second and fourth panels, only the second- and third-order contributions are plotted.
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FIG. 5.7: This shows the lensing contributions to the C+ and C− spectra in units of µK2. In the first and
third panels, the lensing contributions from (δK)+ (δK)2 and (δK)3 are shown. In the second
and fourth panels, only the second- and third-order contributions are shown.
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5.6 CHAPTER SUMMARY
In this chapter, we have briefly reviewed weak gravitational lensing and polarization, both in the
context of CMB. Following correlation function technique, we have calculated different lensed
CMB power spectra. Using those results, we have presented a new method to extract the in-
trinsic CMB power spectra from the lensed ones by applying a matrix inversion technique. After
a thorough formal development of the theoretical framework, we use a FORTRAN-90 code to
compare our results with CAMB. We found that for � � 1000, both the results are almost identi-
cal with fractional deviation being of the order of 10−4 or so, but as we go beyond, the difference
becomes about 0.33% – 0.92% around � ∼ 1600. Thus, this new technique can very well serve as
a first step towards direct reconstruction of intrinsic CMB power spectra from the lensed map.
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CHAPTER
6
Outcomes and Future Directions
This dissertation can be broadly classified into two categories – (i) theoretical aspects of inflation and
(ii) observational aspects of inflation. Chapters 2 and 3 mostly dealt with category (i), where we have
discussed features of mutated hilltop inflation and derived a cosmological analogue of the Berry
phase. In Chapters 4 and 5, some observational aspects of cosmological inflation have been
discussed, where we have surveyed quasi-exponential models of inflation and weak gravitational
lensing of CMB.
6.1 OUTCOMES OF THE THESIS
In Chapter 2 we have proposed a variant of hilltop inflation model. The inflationary scenario
has been analyzed with a hyperbolic function for the inflaton potential which contains infinite
number of terms when expanded in Taylor Series, that makes the mutated hilltop inflation more
concrete and accurate at the same time. I briefly summarize major outcomes of our analysis in
Chapter 2 in the following –
• The common practice in estimating the inflationary observables at the time of horizon exit
is to adopt perfect de-Sitter approximation without bothering about the effect of scalar field
evolution. But, if the direct effect of scalar field evolution is taken into account we end up
with modified results, of course more accurate, which should be preferred by keeping in
mind the accuracy level of present day observations. Apart from that, this not so common
approach yields a brand new way of modifying the consistency relation. This is precisely
what has been shown through the mutated hilltop inflation model.
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• For the discrimination among different classes of inflationary models, the running, running
of the running etc. now play crucial role. The logarithmic scale dependences in observable
parameters for mutated hilltop inflation, makes it possible to get non zero running of any
order which is one of the main intriguing feature of the mutated hilltop inflation. Finally,
the negative curvature of the inflaton potential is recently preferred by the Planck data. This
requirement is satisfied by the mutated hilltop potential too, making the scenario attractive
from the observational point of view as well.
Chapter 3 deals with inflationary cosmological perturbations of quantummechanical origin from
a different perspective. Here, a cosmological analogue of the Berry phase together with the wave-
functions for cosmological perturbations have been derived. The gist of results of Chapter 3 is
given bellow –
• Quantization of the inflationary cosmological perturbations is an important area of re-
search. But, there has been very little study in the literature which may measure the
genuine quantum property of the seeds of classical cosmological perturbations. Even, the
wave-functions for inflationary perturbation modes were lacking. By analytically solving
the associated Schro¨dinger equation applying Lewis-Riesenfeld invariant operator technique
we have filled (to some extent) that gap. In addition to that, the cosmological analogue
of the Berry phase, which has been found to be a function of spectral index, may have the
potentiality to serve as a new probe of inflationary perturbations.
• For the Berry phase to become a supplementary probe of inflation, it has to be measured
first. A theoretical aspect may be developed in squeezed state formalism for the measure-
ment. Also, the Berry phase has already been interpreted through the Wigner rotation
matrices which can be represented as a measure of statistical isotropy violation in CMB
temperature fluctuations. Therefore, in principle, through the measurement of statistical
isotropy violation in CMB the cosmological analogue of the Berry phase may be estimated.
Though we are far from putting any strong comment on this.
In Chapter 4 we have confronted quasi-exponential models of inflation with WMAP–7 data using
publicly available code CAMB. Here, we have applied the Hamilton-Jacobi formulation to model
the quasi-exponential inflation. The essence of Chapter 4 is as follows –
• The Hamilton-Jacobi formulation allows us to survey inflationary scenario with or without
slow-roll approximation. Also, the exact end point of inflation is provided by this formal-
ism making it superior choice over the potential based slow-roll approximation. The exact
exponential inflation was very appealing from theoretical point of view as it yields ana-
lytical expressions for the involved quantities. But, keeping in mind non-zero values for
the spectral tilt, running of the spectral index, running of the running etc., certain deviation
from exact exponential behavior was necessary without deviating too far which is also
observationally forbidden. The quasi-exponential inflation just does that trick.
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• In recent era of precision cosmology analytical results are no more sufficient, some numer-
ical codes have to be employed to test any theoretical prediction with the observations.
CAMB being the simplest, has been utilized in order to confront the predictions from quasi-
exponential inflation with the WMAP–7 data. The analysis also yields tensor to scalar ratio
of the order of ∼ 10−2 much higher than what exact exponential inflation predicts, which
is within the recent observational bound as well, even more importantly it is in the range
of near future detection. The predictions from quasi-exponential inflation are found to be
in very good agreement with WMAP–7 data.
Finally, in Chapter 5 we have studied effect of gravitational lensing in CMB. Latest observations
are now endowing with highly precise data. In order to increase the precision level further, the
gravitational lensing effect should now be properly taken into account. The outcomes of this
Chapter 5 are given bellow –
• The recent technology is so precise, that the contribution from the gravitational lensing
for the determination of different cosmological parameters plays vital role. But, as we
have only one sky to look into, the subtraction of lensing contribution is not so trivial. So,
matrix inversion technique may serve as an aid to that problem. Though, this algorithm
has been developed for idealistic situation, but as a first step towards direct reconstruction
of intrinsic CMB spectra it may be very useful.
• The code that has been developed for matrix inversion entirely relies on the lensing poten-
tial, which is extremely difficult to construct. But, still this lensing reconstruction may be
possible when complete CMB polarization data are in hand. Due to lensing the CMB E and
B polarization modes are mixed, which ends up in a confusion between those two modes.
But, the large scale unlensed B modes are very important in order to get hold of typical
energy scale of inflation (provided inflationary tensor perturbations are the only source of
B mode signal). Our methodology provides a simple algorithm towards the reconstruction
of intrinsic B mode signal, which may be applied to remove that confusion.
Here, the model parameters as well as the prediction for the observational parameters from a
typical model of inflation could have been constrained much better had we employed sophisti-
cated code like COSMOMC which is hoped to be addressed in near future.
6.2 FUTURE DIRECTIONS
There are many topics that are very much related to this thesis, viz. non-Gaussianity, Primordial
Gravity Waves, Integrated Sachs-Wolfe Effect, Dark Energy etc., but not discussed here. In the
following, I briefly summarize the research work that can be carried out based on the thesis
presented here.
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The future research can be classified into three broad categories –
1. Physics of the Cosmic Microwave Background
2. Primordial Gravity Waves
3. Search for New Probes of Inflationary Perturbations.
6.2.1 PHYSICS OF THE COSMIC MICROWAVE BACKGROUND
CMB has remained the most powerful and engrossing source that carries the best information
about the early Universe. Inflation – so far the best physically motivated paradigm for the early
Universe is in vogue for more than three decades. But, the large observational window is still
allowing a number of inflationary models. To zero in on specific inflationary models as well as
cosmological parameters, we need more precise CMB measurements where secondary effects
like weak gravitational lensing, non-Gaussianity etc. come into play.
A. Weak Lensing of CMB
The gravitational lensing remaps the CMB temperature and polarization fields. The remapping
of power of the CMB anisotropy spectra by the effect of lensing is a very small effect, but it
is important in the context of present era of precision cosmology. Not only that, lensing also
introduces non-Gaussianity in the CMB maps. So, lensing effects should be accurately taken into
account.
As we have only one sky to look into, it is very difficult to delens the observed CMB spectra.
But, if we can reconstruct the lensing potential, then it is possible to delens the CMB spectra
which will definitely enrich our knowledge about various cosmological parameters. So, lensing
reconstruction will be an important prospect. This may also get rid of the confusion between
CMB E and B polarization modes in presence of lensing.
B. Non-Gaussianity
Non-Gaussianity has now become very interesting area of research with Planck’s recent claim
that non-Gaussianity may not be small. Though in general single field models of inflation are
expected to produce small local type of non-Gaussianity in the squeezed limit according toMalde-
cena theorem but, it may be possible to produce large (within current observational bound) local
type of non-Gaussianity even from single field inflationary models, which will be very interesting
subject matter to look into.
In case where variable sound speed for the perturbations are considered, it is difficult to
get higher tensor to scalar ratio and large non-Gaussianity simultaneously. So, simultaneous
production of large r and large non-Gaussianity will be an interesting business.
C. Integrated Sachs-Wolfe Effect
The Integrated Sachs-Wolfe (ISW) effect, i.e., the early rise in the CMB temperature anisotropy
map, provides crucial information about the nature of dark energy. So, precise measurement
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of ISW effect help us discriminate among different dark energy models, to mention the least, it
will help us infer whether dark energy is made of a dynamical field or cosmological constant.
The accuracy level may be increased by combining the Lensing and SNIa data with CMB, which
will presumably increase our knowledge about ISW effect.
6.2.2 PRIMORDIAL GRAVITY WAVES
The most recent trend in cosmology is the search for primordial Gravity-Waves through the large
scale B-mode signal. Gravity waves are expected from the Big-Bang and in course of inflation
their amplitudes will be amplified. This will in turn provide the best information along with
CMB about the era of cosmic inflation. But the gravity waves are yet to be detected (all we
have is the indirect detection via change in period of binary stars) and even if it is detected, we
may not be able to make conclusive comments about the primordial gravity waves, since, the
B-mode like signals that we are expecting to detect for gravity waves are also generated from
lensing of purely E-mode signals. So, the separation of pure primordial gravity waves from
observed data will be an important aspect. At present this will be very interesting in the light of
SPT’s recent claim about the detection of CMB B-mode polarization produced by gravitational
lensing.
6.2.3 SEARCH FOR NEW PROBES OF INFLATIONARY PERTURBATIONS
A cosmological analogue of Berry phase in the context of inflationary cosmological perturba-
tions has already been derived. The interesting point about the Berry phase is that, it has been
interpreted in terms of the Wigner rotation matrices. Also, the Wigner rotation matrix can be
represented as a measure of statistical isotropy violation in CMB. So, at least in principle, this
statistical isotropy violation in CMB can be related with the cosmological analogue of the Berry
phase and vice versa. The exploration of this theoretical relation, may end up with a signature
of the Berry phase in CMB.
Last but not the least, the combined data from Planck, WMAP, SNIa, SDSS etc., will definitely
increase the accuracy level of different cosmological parameters and we can put stringent con-
straints on various cosmological models. So, the combination of individual datasets of CMB,
Gravitational Lensing, SNIa, Baryonic Acoustic Oscillations etc. and their cross-correlations will
make the observational window smaller than what can be achieved by individual datasets alone.
This will in turn provide more precise information about our Universe.
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